Algebra and Number Theory 2 Final Exam A January 3, 2024

You have 90 minutes to complete the exam.

Follow the instructions on the cover page of the Tsinghua University Examination
Paper.

This is a closed-book exam. No notes, books, calculators, computers, or electronic
aids are allowed.

All the answers must be written in English on the Tsinghua University Examination
Paper. Please write neatly and indicate the problem number. Answers which are
illegible for the reader cannot be given credit.

For the proofs, make sure your arguments are as clear as possible. You will not get
full credit for incomplete proofs.

In case of an emergency, please follow the instructions of the proctor. In any
situation, you are not allowed to leave the room with your exam paper.

Good Luck!



ANT 2 Final Exam A, Page 2 of 6 January 3, 2024

1. Set
f(X)=X3-X—-1€Q[X]

and let L/Q denote the (smallest) splitting field of f. Note that the discriminant A
of fis —23.

Let v be a place of Q (a prime or oo) and let w be a place of L above v. Set
G = Gal(L/Q) and G, = Gal(L,/Q,).

(a) (10 points) Show that f(X) € Q[X] is irreducible.
Note: by (a) and VA € Q, one can conclude [L : Q] = 6.

Solution: We have f € Z[X] and its image fo in F5[X] is irreducible since
f2 has no root in Fy. Hence f is irreducible in Z[X] and thus in Q[X] by
Gauss’ lemma.

(b) (20 points) Let K := Q(1/—23). One can show K C L, which you may assume
from now. Show that L/K is unramified at every place.
Note: by (b) and hx = 3, one can see that L is the Hilbert class field of K.

Solution: Since K has no real place, L/K is unramified at every infinite
place. Moreover, L/K is Galois, so it suffices to show that for every finite
place of K, there exists an unramified place of L above it.

Set M = Q[X]/(f). This is a degree 3 subextension of L/Q by (a). Since
[L:Q] =6 and [K : Q] =2, we see that M and K are linearly disjoint over
Q and L = KM. Hence it is enough to show that for every prime p, there
exists an unramified prime of O,; above p.

Let f, denote the image of f € Z[X] in F,[X]. Then the discriminant of
fpis =23 € F,. Hence if p # 23, f, is separable. In this case, the set of
irreducible factors f, corresponds to the set of primes of O,; above p, and
each such prime of Oy, is unramified in M/Q.

Finally, assume p = 23. Then fy3(X) = (X — 3)(X — 10)? in Fos[X].
By Hensel’s lemma, there exists o € Zoz such that f(a) = 0 and o = 3
(mod 23). So M = Q[X]/(f) = Qa3 : X — « defines an unramified prime
of Oy above 23.

(c) (15 points) Find #G, for v = 2,23,00. You must provide a proof to get full
credit.

Solution: We keep the notation as above. If v = 2, then w is unramified
in L/Q by (b) and the fact that 2 is unramified in K/Q. Hence G, is a
cyclic subgroup of G. On the other hand, we saw that f, is irreducible in
(a). Hence 20y, is a prime ideal with residue field Fs. Hence 3 | £G5. So we

conclude .




ANT 2

Final Exam A, Page 3 of 6 January 3, 2024

If v = 23, the proof of (b) shows that the residue field of w is Fo3 and the
residue degree f(w/23) is 1. Since 23 ramifies in K/Q, the ramification
index e(w/23) is 2. Hence Ga3 agrees with the inertia subgroup at w and

[#Ga = 2]
If v = 00, then w is a complex place and G, = Gal(C/R). So .

d) (5 points) Let I denote the idele group of L and let C; = I /L* denote the
( g

idele class group of L. Consider the induced map
e: H*(G,1;) — H*(G,Cp).

Is € surjective? You must provide a proof to get full credit.

Solution: The map ¢ is described as

1
#Go

1
#G

HX(G1) = @ H (G (L)) = D ——Z/2 = —7)7 = HX(G.Cy),

where v runs over all the places of Q. Since the least common multiple of
#G,’s is 6 = #G by (c), we conclude that € is surjective.
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2. Fix a prime p. Let K be a number field and let K,/ K be an infinite Galois extension
with
Gal(Ko/K) = Z,.
We call such an extension a Z,-extension.

All the nonzero closed subgroups of Z, are precisely p"Z, (n > 0). For each n > 0,
let K,, be the unique subextension of K., /K with Gal(Kw/K,) = p"Z (so K = Kj).

Let v = vy be a place of K and choose a place v,, of K,, inductively such that v, 1 | v,.
Let L, denote the completion (K,,),, of K, with respect to v, and set

Ly = U L,.
n>0

In particular, Gal(Lw/Lo) C Gal(K,/K) is the decomposition group at v. Let
I, C Gal(Ls/Lo) denote the inertia group at v.

(a) (10 points) Show that there exists at least one place of K that is ramified in
K./K.

Solution: Assume the contrary. Then K, /K is an abelian extension in
which every place is unramified, so it should be contained in the Hilbert class
field H of K. Since [K : K] = 00 and [H : K| < oo, we get contradiction.

(b) (10 points) Show that if v is an infinite place, then K, /K is unramified at v
(i.e., Loo = L())

Solution: If v is an infinite place, then # Gal(Ls/Lg) is 1 or 2. On the
other hand, Z, is torsion-free. Hence # Gal(L/Lo) = 1 and L, = Ly.

(c) (10 points) Assume that v is a finite place that is above a rational prime ¢ # p.
Show that K /K is unramified at v.
Hint: (’)ZO contains an open subgroup that is isomorphic to O, as topological
groups.

Solution: Write k,, for the residue field of L,, and set k, = Unzo k,. Since
Lo /L is abelian, the local Artin map induces the commutative diagram
with exact rows:

1—= 07, Ly = Z 0
la lArtLOO/LO
1 I, Gal(Loo/Lo) —— Gal(kuo /ko) —— 0.
Here a = (Arth/L0)|OE : OF, — I, is continuous and surjective. (If we
0

write I(Ly/Lo) for the inertia group for Ly /Lo, then Artr, /1, o .+ Of —
0
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I(L,/Ly) is surjective. Since I, = Jm I(L,/Ly) and Oy, is complete with
respect to the norm topology, « is surjective.)

Assume I, # 0. Since I, is a closed subgroup of Gal(K./K) = Z,, we can
write I, = p"Z, for some n > 0. Take an open subgroup H C Oy that is
topologically isomorphic to Op,,. Since £ # p, p is invertible in Oy, and thus
p"Or, = Oy, for each m > 0. This implies that the composite

H — (’)zo 51, = p"Zy, — p"Ly/p" "L, = L) p" L

is the zero map for every m > 0. Hence H C Ker a and « induces a surjection
O, /H — 1, = p"Z,. Since #(Of, /H) < oo, we get contradiction. So
I, =0.

(d) (10 points) Show that there exists n > 0 such that if a place of K, is ramified
in K, then it is totally ramified in K.

Solution: Since K is a number field, there are only finitely many places
of K above p. This together with (b) and (c) implies that there are only
finitely many places of K that are ramified in K. /K. Let v, ... v be
those places of K. For i = 1,...,s, the inertia group I, is a nonzero
closed subgroup of Gal(K./K) = 7Z,, so write I,y = p" Z, C Z,. Set
n = max{n®,... n(®}. Then this n works. In fact, if v’ is a place of K,
that is ramified in K., v is above v for some i. If we write I’ for the
inertia subgroup of Gal(K/K,) = p"Z, at v', we have

I' =10 NGal(Ky/K,) = p™ 2, N p"Zy = p"Z, = Gal(Ku/ Ky).

This means that v’ is totally ramified in K /K,.

(e) (10 points) Assume that K /K is a cyclotomic Z,-extension, i.e., Koo C K (fipee) =
U,,, K (pm ). Show that if v is a finite place, v does not split completely in K, /K.

Solution: Set M = K N Q(fip~). Then we have

Gal(Koo/ I) C Gal(K (e )/ K) = Gal(Q(ppe ) /M) C Gal(Q(pp>)/Q)

with Gal(K/K) = Z, and Gal(Q(up~)/Q) = Z). Since Z) contains an
open subgroup that is topologically isomorphic to Z,, we see that Gal( K /K)
has finite index in Gal(Q(pp)/Q) and thus in Gal(K (p,~)/K). In partic-
ular [K(ppe) @ Koo] < 00.

If v is a finite place, then K, = L is a non-archimedean local field and thus
contains only finitely many roots of unity. In particular, [K,(pp~) : K] = oo.
Since [Ky(fpee)  Loo) < [K(ppe) © K] < 00, we conclude [Lo @ Lg] = o0.
In particular, Ly, 2 Lo. This means that the decomposition group of K.,/ K
at v is nontrivial, namely, v does not split completely in K, /K.
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3. This is a bonus problem. Your final exam score does not exceed 100.

(a) (5 points) Write down the statement of the existence and uniqueness (i.e., char-
acterizing properties) of the local Artin map Artyx in Local Class Field Theory
for a non-archimedean local field K.

You may write “There exists a unique ... such that ... .”

Solution: There exists a unique continuous group homomorphism
Artg: KX — Gal(K*/K)
such that

o Artg(7m)|guw = Frobg for every uniformizer m (where Froby is a fixed

~

topological generator of Gal(K™/K) = Z);

o for every finite abelian extension L/K, Artg(Np/x(L*))|r = 1 and
Artg |, induces an isomorphism

K* /Ny x(L*) = Gal(L/K).

(b) (5 points) Write down the fundamental exact sequence in Class Field Theory
(i.e., the exact sequence involving the Brauer groups) for a global field K.

Solution: The restrictions and the local invariant maps induce an exact
sequence

0 — Bri = (D Buy, 2y 7,

vESK

where Sk denotes the set of places of K.




