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HOMEWORK 1

Problem 1.1 (Lecture 2, Exercise 2.6). Prove the following.
(1) The map

mult

U(n™) @, U(b) —— U(g)
is an isomorphism between (U(n~), U(b))-bimodules.
(2) As an n~-module, M, is freely generated by vy, i.e.,
Un™) — My, z+——x-v)

is an isomorphism.

Solution. (1) Tt is clear from the construction that mult is a homomorphism of left U(n™)-modules
and right U(b)-modules. Note that the target U(g) is regarded as a (U(n~),U(b))-bimodule via
restricting the U(g)-action on itself to U(b) and U(n™), respectively. It remains to show that mult is
an isomorphism of vector spaces by PBW theorem [Lecture 2, Theorem 1.5]. For this, according to
the context of [Lecture 2, Corollary 1.6], pick {z1,...,z,} as a basis of n= and {y1,...,¥ym} as a basis
of b. Then the bases of k-vector spaces U(n~), U(b), U(g) are {z&*---akn 1 o, {ylt - yhr }; >0,
{ahr gkl o+ ylm e, 1,50, respectively; it follows that U(n~) ®; U(b) has a basis {zh .. gk @
ylll . ~y£;;l}ki_,lj>o. Moreover,

This completes the proof that mult is an isomorphism between (U(n~), U(b))-bimodules.

Last updated on June 11, 2024.
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(2) Using (1), we have that
Un™) @r U(b) @u(e) kx 2 U(g) @u (o) kx = M.

Here note that each x - vy € M) can be identified with z ® vy € U(g) ®y(e) kx. On the other hand,
the left-hand side is isomorphic to U(n™) ®y kx, which is further isomorphic to U(n™). This completes
the proof. O

Problem 1.2 (Lecture 2, Exercise 2.17). In the case g = sl3, show the Verma module M is irreducible
unless | € Z>q. In the latter case, show there is a non-split short exact sequence

00— M_; o— M — L —0
such that L; is a finite-dimensional irreducible sl;-module with highest weight .

Solution. Suppose M; is not irreducible. Then there is a nonzero proper submodule N C M; of highest
weight I’; denote by v, the highest weight vector. In this case I’ is also regarded as a weight of M;.
Recall that for g = sly, any weight of M; is of form [ — 2n with n > 0. So we may assume I’ = [ — 2n.
Since vy generates N via g-action, the hypothesis N C M; implies I’ # [ (otherwise M; = N), or
equivalently n > 0. Let e, f,g € sl be the standard generators. The weight of e - vy is either 0 or
" + 2. Since [ is the highest weight of M;, we must be in the former case that e -v; = 0. Thus, we
obtain from [e, f] = h and h- f7 — f7 - h = —2jf7 that!

e o= S e Sl T u e

1<i<n

= anfi.h.fifl.vlﬂ_fn.e.vl
1<ign

= > U=20-1)- " w
1<i<n

=nl—(n—-1) " u.

Since the above is 0 whereas f"~!.v; # 0, it implies that [ = n — 1 > 0. This shows the irreducibility
of M for [ < 0.

If il =n—1 for n > 0, the same computation shows that e- f™-v; = e-v;_g9, = 0, with [ —2n = —[—2,
i.e. the vector v;_s, € M; generates a submodule of M; that is isomorphic to M_;_5. By fixing an
isomorphism L; ~ M;/M_;_5, we get a quotient module L; of M; as well as the desired short exact
sequence 0 — M_;_o — M; — L; — 0. Such L; is clearly finite-dimensional of highest weight . If
the sequence splits, then there is a nonzero section map M; — M_;_5, and hence a nonzero vector in
M_;_5 of weight [, which is impossible. So the sequence is non-split.

It remains to show the irreducibility of L;. For this, note that whenever [ = n—1 the highest weight
of a proper submodule N of M; must be —I — 2, so there is no proper submodule of M; containing
M_;_5. Correspondingly, the quotient L; must be irreducible. O

Problem 1.3 (Lecture 2, Exercise 3.9). Recall for any Vi, Vo € g-mod, the tensor product V; ® V5 of
the underlying vector spaces has a natural g-module structure defined by z - (v1 ® v2) == (z-v1) Q vy +
v ® (x - vg).
(1) Prove that if V] and V; are weight modules, so is V; ® V5. Determine the weights and weight
spaces of V] ® V5 in terms of those for V7 and V5.
(2) Consider the case g = sly. Prove that the tensor product of two Verma modules is not contained

in O.

Solution. (1) If V4, Vs are weight modules, then we can respectively take V3 x C V5 and Va,, C V5 to
be A- and v-eigenspaces, where A, v € t*. For all ¢ € t together with v; € V; ) and ve € V2, we have
t-(v1®ua) =(t-v1)Qua+v1® (t-v2) = A(t)v1 @ va +v(t)vy @ g = (A(t) + v(t)) - v1 @ ve. It follows
that v1 ® v € V1 ® V5 is of weight A + v. This proves that V3 ® V5 is a weight module; each weight
space of V; ® V5 is of form @A+V=u Vi ® Vs, for some fixed p € t*.

IThere is a typo in the proof of [Gai05, Proposition 1.9], c.f. the third line of the computation.
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(2) Let My, M, be two Verma modules. We prove My ® M, ¢ O by showing that it is not finitely
generated. Suppose for the sake of contradiction that My ® M, is generated by myq,...,m, for some
n € Z. Indeed, My ® M, is isomorphic to a quotient module of an extension of finitely many Verma
modules. When g = sly, the weight spaces of each of these Verma modules are all 1-dimensional. (Note
that this is not true for general g.) After taking the quotient towards M) ® M, it follows that the
dimension of any weight space is at most n. Also, since g = sl, there turns out to be a weight space
of M ® M, of weight A\ + v — 2n and dimension n + 1. This is impossible, and thus M) ® M, cannot
be finitely generated. O

Problem 1.4 (Lecture 3, Exercise 5.6).

(1) Find all maps between k-schemes A — AM\0.

(2) Find all 1-dimensional representations of the additive group G,.

(3) Find all maps between k-schemes A'\0 — A'\0.

(4) Find all 1-dimensional representations of the multiplicative group Gy,.

Solution. (1) It suffices to recognize all homomorphisms k[x], — k[z] between k-algebras; here k[x],
is the localization of k[z] at the point with coordinate x. Since z is invertible in k[z],, its image in
k[z] must be invertible as well, which implies that the image of  must be an element of k. It follows
that all k[z], — k[z] (with 1 — 1 and = — t € k*) are parameterized by k*. Therefore, all maps
between k-schemes A' — A\0 are exactly parametrized by k>, which are constant maps sending all
points on Al to some point on A\0.

(2) Any 1-dimensional representation of G, is given by the map G, — Gy, of group schemes over
some (algebraically closed) field, say k. At the level of k-schemes, the data of G, — G, can be
specialized to the data of A — A'\0. But the result of (1) forces G, — Gy, to be a constant map,
which can only be the trivial representation of G,. In other words, the 1-dimensional representation
of G, can only be trivial.

(3) As in (1), we aim to figure out all homomorphisms k[x], — k[z], between k-algebras. It suffices
to determine the image of x. Note that all invertible elements of k[z],, are of form tz™ with ¢ € k* and
n € Z. We thus conclude that each map A'\0 — A\0 is parametrized by some tz" € k*x%, sending
P e ANO to tP™.

(4) As in (2), consider the map Gy, — Gy, of group schemes over k. Note that this is determined
by AN\0 — A0, which must be of form P ~ ¢tP™ by (3). Moreover, as a group homomorphism, we
must have 1 — 1 where 1 is the identity element of Gy,; it hence implies t = 1 € k*. Therefore, the
desired 1-dimensional representation of G, must be G,, — G, g — ¢* for some k € Z. O

Problem 1.5 (Lecture 3, Exercise 6.6). Let G be any semisimple algebraic group with Lie algebra g.
Prove any Verma module of g is not G-integrable.

Solution. Suppose M, is a G-integrable Verma module of g, i.e. M, is a g-module coming from
a representation of G through the functor Rep(G) — g-mod. By [Lecture 3, Proposition 5.7], if
this is the case, then the G-action on M), is locally finite, i.e. M) is a union of finite-dimensional
subrepresentations.

Let vy be the highest weight vector in M. Note that vy generates M, through the orbit of g-action.
Since M, is locally finite, there exists a finite-dimensional g-submodule containing vy that is also a
G-invariant subspace; it must equal to M, for the prescribed reason. In particular, in this case M) is
finite-dimensional, which is a contradiction. O
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HOMEWORK 2

Problem 2.1 (Lecture 4, Exercise 2.2). Let g = sly and e, h, f be the standard basis. Consider
1
Q=ef+ fe+ §h2 € Ulsly).

Calculate its image in Sym(t) = k[h] under the k-linear surjection U(g) — Sym(t) (see equation (2.1)
of Lecture 4).

Solution. Using PBW theorem, the prescribed map can be reinterpreted as
U(g) — U™ ) @ U(t) @ U(n) — U(t) = Sym(t) = k[h].

Recall that the elements of the standard PBW basis of U(n~) ®; U (t) ® U(n) are of form f*® hb @ e°
with a, b, ¢ € Z>0, which is the image of f¢hbe® € U(g) along the first isomorphism above. Motivated
by this, we write

1 1 1
Q:ef+fe+§h2 = e, f] + 2fe+ 5h? =2fe+h+ 5h2.
On the other hand, note that f® 1 ® e and 1 ® h® 1 are respectively sent to 0 and & in Sym(t). Thus,

U(sly) — Sym(t) = k[h]

ef 0
h v h.
It follows that the image of Q is h + %hz. O

Problem 2.2 (Lecture 4, Exercise 2.7). Let k: g X g — k be any nondegenerate symmetric invariant
bilinear form on g. For any basis 1, ..., x, of g and its dual basis z7, ...,z with respect to the form

2, consider the Casimir element

Q. = sz -xy € U(g).
i=1

(1) Prove: the Casimir element Q, does not depend on the choice of the basis, and is contained
in the center Z(g).
(2) For g = sly, k = Kil, and the canonical basis e, h, f, find Qk; and prove it is not contained in
Sym(t) C U(g).
Solution. (1) Note that the nondegenerate symmetric pairing  is specialized from the map g®g — k,
and it uniquely corresponds to an isomorphism ¢: g — g*, whose inverse is written as ¢~ !: g* — g.
Since ¢! is again an isomorphism, there is a unique nondegenerate symmetric pairing ¥: k — g®g
determined by ¢~!. Consider its composite with the natural embedding map g ® g — U(g); we claim
that

k"—v>g®g—>U(g)
1 Q,

i.e. the Casimir element is the image of 1 € k. Indeed, as x1,...,x, is a basis of g, its dual basis
of g* with respect to x is given by x7,...,z} with f = é(x;). So the image of 1 € k in U(g) is
given by that of (3, z;) ® (32, ¢ '(2})). With the isomorphism ¢~ we are able to identify ¢~'(z})
with x; by abuse of notation, and hence the image is the same as ), x; ® ;, which further maps to
Yo i-xf =8, € U(g). This proves the claim. To conclude, we see €, is only determined by 1 € k
and the choice of k", so it is independent of the choice of z1,...,z,.

We then check Q. € Z(g). For any V € g-mod, there is a g-mod structure on V* given by
(z- f)(v) = f(=x-v)? for f € V* and = € g. With this g-action on V = g and V* = g*, all prescribed
maps ¢, ¢~ L K,k are g-linear. It follows that the preimage of ), in g ® g is already g-invariant with

2By definition, this means (@i, ®})s,5 is the unit matrix.

3Here the negative sign has various explanation: from the point of view of lie algebra, exp(—z) = exp(z)~!; from the
isomorphism gl(V') = gl(V*)°P; it is the unique action such that k -V ® V* and V ® V* — k are g-linear, where k is
the trivial g-module.
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respect to the diagonal g-action. By definition, this diagonal action is z- (u®v) = [z, u]@v+u® [z, v],
and its image in U(g) is zuv — uzv + uzv — wvxr = xuv — uvx. Hence any g-invariant element in g® g
is sent to Z(g), which implies Q. € Z(g). (Formally, the argument above means the tensor g-module
structure of 7'(g) = €D,,5, 9°" is g-linearly compatible with the adjoint g-module stucture of U(g). So
the g-invariant elements of g ® g is mapped to the g-invariant elements of U(g), namely Z(g).)

(2) Using the relations [e, f] = h, [h,e] = 2e, and [h, f] = —2f, we compute the matrices of ad.,
ady, and ady, under the ordered basis B = {e, f,h} as
0 0 -2 0 0 0 2 0 0
adds=(0 0 0], [adJs=[0 0 2|, [adps={0 -2 0
01 0 -1 0 0 0 0 O

From the definition,
Kil(z,y) = tr(ad, o ady) = tr([ad,]s[ad,]s).
So we deduce
Kil(e, f) = Kil(f,e) =4, Kil(h,h) =8
Then, with respect to the Killing form, the ordered dual basis of B is given by

* « . e . h
B = = — = — = — .
{6 1 f 1 h 3

1 1 1 1 1 1
Q il — — - — 2 = — — — 2.
Kil 4€f+4f€+8h 2f€—|—4h+8h
Here the right-hand side is written as a linear combination of elements in standard PBW basis. Note
that fe ¢ k[h], and hence Qi ¢ Sym(t) = Ek[h]. O

Therefore,

Alternative Solution. (1) Let y1,...,y, be another basis of g and y7,...,y" be its dual basis. Then
there are invertible matrices A = (a;;), B = (b;j) € M, (k) such that

n n
. * *
T = E aijyj, x; = E bijy; -
i=1 i=1

Since k is a bilinear form, ﬁ(xi,x;f) = k(Do) @irYr, >, buyf) = Zkzazkbyl k(Yk,y;). On the other
hand, by definition we have x(z;,z}) = k(y:,y;) = dij, where &;; is the Kronecker symbol. It follows
that 6;; = Zk,l airbji - Ot = Y, airbjr. Changing the indices of the sum, this is equivalent to

n
Okt = E airbi.
=1

Therefore, to show the independence of the choice of basis, we have

n n
dowicai= Y awyk-bayi = Y Sulyeyi) = vk vi
i=1 k=1

1<i,k,1<n 1<k,I<n

Now it remains to check €2, € Z(g), and it suffices to show §2,, commutes with any element in U(g).
By definition of the universal enveloping algebra, it further suffices to show 2, commutes with any
y € g. For this, as z1,...,z, is a chosen basis of g, we may assume y = x; and compute

n

i — Qpa; = Z (zj - x5) — (x5 - x})w;

n
* *
E [, 2] x g [xi,xj].
Jj=1

For this to be 0, from the assumption on x we have that x([z;, z;],z}) + k(zj, [z;,2]]) = 0. So the
desired result follows.

(2) The same as in the first solution. d
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Problem 2.3 (Lecture 4, Exercise 4.6). Let g = sly. Prove Z(sly) ~ k[Qku] where Q; is the Casimir
element. (You can use [Lecture 4, Theorem 4.1] for this exercise.)

Solution. In Problem 2.2(2) we have proved that Q; ¢ Sym(t). However, in this problem Q; denotes
(by abuse of notation) the image of Qi € Z(slz) in Problem 2.2(2) along the map U(slz) — Sym(t)
in Problem 2.1 restricted to Z(sly). Thus, combining the results before we deduce k[Qxi] = k[(h +
h?/2)/4] = k[2h + h?]. Also recall the Harish-Chandra isomorphism

Z(g) ~ Sym(t)".
It together with the fact that Sym(t) = k[h] for g = sly reduces the proof to showing the set-theoretical
equality
k[2h + h?) = k[h]"-.
We know the W,-action on k[h] is given by h — —h —2. It follows for f(h) € k[h] that if f(h) € k[h]"*
then f(h) = f(—h —2), and in particular f(0) = f(—2), implying that f is generated by a polynomial
in h that simultaneously vanishes at 0 and —2, namely 2h+ h?; therefore, k[h]"V* C k[2h+h?]. Finally,

the converse inclusion k[h]W* O k[2h + h?] is clear because 2h + h? = 2(—h — 2) + (—h — 2)2. This
completes the proof. O

Problem 2.4 (Lecture 5, Exercise 3.3). Prove: the adjoint g-action on U(g), i.e.,
gxUlg) — Ulg), (z,u)— ady(u) = [z, u],
preserves each FS"U(g), and the induced g-action on gr*(U(g)) ~ Sym(g) is the adjoint action in

[Lecture 5, Construction 3.1].

Solution. Since U(g) is the quotient of P, 5, g®", each FS"U(g) contains elements generated by
elements in g of degree at most n; namely, each u € FS"U(g) is of form u = Y, a; - w1 + - - wn, for some
1 < n; < n. Without loss of generality we may assume u = uy -« - Uy, € F<"U(g) forsome 1 <m<n
with u; € g. Then for z € g,

m—1 m—1
adm(u):xuf E ul‘..ui.x.ui+1...um+ E ul...ui.x.ui_i_l...umfu.aj
=1 =1

m
= E ul"'ui—l'[$7ui]'ui—|—l"'um'
i=1

Given this, note that for u; € g we have [z,u;] € g; it then follows that ad,(u) € FS"U(g). Thus the
filtration of U(g) is preserved by the adjoint g-action.

By PBW theorem the image of uy - - - u,, € U(g) in greU(g) is u1 ® - - - ® Uy,. From the formula of
ad, (u) above, we see under the induced g-action by z € g on Sym(g), we have

(xvul®"'®Um)'—>ZU1®~--®ui_1®(_x~ui)®ui+l®...um.

i=1
This is the same as [Lecture 5, Construction 3.1]. O

Problem 2.5 (Lecture 5, Exercise 4.8). Let A € P* be a dominant integral weight and n > 0. Prove
there exist scalars ¢y, € k, \' < \, such that

ban + Z cxbx ns

1
#Staby (V) =

¢Cl(a)\,n) = a)\,n|t =

where Staby () C W is the stabilizer of the W-action at .

Solution. Let Ly be the unique finite-dimensional irreducible g-module with highest weight A. Denote
by wt(Ly) the set of all weights of Ly. For any x € t, from the definition we have

arn(z) =tr(@™ Ly) = Y dim(Ly), - p"(x).
pEWE(Lx)
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Consider the group action of W on wt(Ly)* with finitely many orbits WXg, WA1,..., W\,, where
Ao = A. Since A is dominant, each A" € wt(L,) satisfies A’ < A. Thus,

(@) = D dim(La), 5 (@)

HEWE(Lx)

SN dim(La)y, - p" (@)

i=0 peW X,

-2 m D dim(Z)a, - (whi)"(@)
=0 7

weWw

1

= mbA’n(x) + Z C)\/b)\/’n(l')

A<
for some scalars cys € k. Here by, = ZwGW w(A™), and the last equality is because wA; < A for
Ai # X and each \ < X has the form w; for some w and some 7 > 0. O

4The action of W on wt(Ly) can be realized as follows. As a g-module, L is Ggc-integrable as it is finite-dimensional
(in our case G = Gsc); this induces the action of Np(G) on L. On the other hand, corresponding to the action of t, the
action of T on L preserves all weight spaces, and in particular preserves the highest weight space L. It follows that
W = Np(G)/T acts on wt(L), and thus on wt(Ly).
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HOMEWORK 3

Problem 3.1 (Lecture 6, Exercise 1.18). Let g = sl,, and let o; € Fun(t)"” be the basic symmetric
polynomial of degree i (so that H;L:1(x +z;) = 2" +012" t+---+0,). Consider the homomorphisms
(c.f. [Lecture 6, (1.2)—(1.3)])
(1.2) Fun(n) ® Fun(g)? ® Fun(n™) — Fun(g),
(1.3) Fun(n) ® Fun(t)"" ® Fun(n™) — Fun(g),
which are induced by the decomposition g =n~ G t@n.
(1) For each 1 < i < n, find the unique element &; € Fun(g)? corresponding to o; via the
Chevalley isomorphism Fun(g)? —~ Fun(t)"V. In other words, find the unique extension of o;
to an adjoint invariant polynomial function on g.

(2) For g = sly, prove that (1.2) and (1.3) are both injective and have the same image.
(3) For g = sl3, prove that &3 is contained in the image of (1.2) but not in the image of (1.3).

Solution. (1) We need to construct (&;: g — k) € Fun(g)?. For this, given X € g, the construction is
given by its characteristic polynomial

n
det(A-id — X) = A"+ ) “(=1)';(X) - A" € k[A].

i=1
It is clear that coefficients &; € Fun(g), and &;|¢ = 0;: t — k. Then it remains to check the g-adjoint
invariance. But note that the g-invariance is the same as G-invariance; then this can be proved by
noticing that the characteristic polynomial is invariant under adjoint action, i.e. det(\-id—UXU 1) =
det(X-id — X) for U € g, and so also is ;(X).

(2) Fix an isomorphism g ~ g* that induces t ~ t*. For g = sly with the standard basis e, f, h, recall

from [Lecture 6, Example 1.16] that

Fun(g)? ~ Sym(g)? = k[, Fun(t)" ~ Sym(t)"" = k[h?].
Here Q = h? + 4ef is the image of the Casimir element. Then we can respectively identify (1.2) and
(1.3) with
kle] ® k[ @ k[f] — kle, f,h],  fi(e) ® f2() ® f3(f) — fi(e) f2() f3(f)
and
kle] @ k[h?] @ k[f] — kle, f,h],  fi(e) @ fa(h®) © f3(f) — fi(e) f2(Q) f3(f).

Then using the property of tensor product both maps are clearly injective. Moreover, the images are
respectively given by k[e, Q, f] and k[e, h2, f], which are the same in kle, f, h].

(3) We know from part (1) that 53 € Fun(g)?, and is thus contained in the image of (1.2). If we write
X = (x45) € sl3 as a 3 x 3-matrix then 63(X) is a polynomial in all entries x;;. If 53 lies in the image of
(1.3) then &3(X) = det(X) must be a symmetric polynomial in x11, x99, 33 (With regarding other z;;

with i # j as constant coefficients), which is impossible by elementary computation of det(A] —X). O

Problem 3.2 (Lecture 6, Exercise 3.1). Consider g = sl3 and its standard Borel b and Cartan
subalgebras t. Let a; and as be the two simple positive roots.

(1) Prove: the elements in W - 0 are given by

0]s1:-0]s2:-0 $189 -0 S981 -0 wg - 0
0] —aq | —ag | =201 —asg | —a1 — 2a | —2a71 — 200

Here wg = s15281 = 25153 is the longest element in W.

(2) Prove: M_s4, 24, is irreducible.

(3) Prove: M_,, 24, contains M_o4, 24, 8s a submodule® and the quotient is irreducibleb. De-
duce length(M_,, —24,) = 2 and

[M—al—Zag : L—a1—2a2] = [M—a1—2a2 : L—2a1—2ozg] =1

SHint: [Lecture 5, Lemma 1.3].
6Hint: Count the dimension of the (—2a1 — 2a2)-weight subspace of M_q,; —2a,-
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Solution. (1) Since the positive roots of sl are exactly o, a9, a1 + a2, we have the half-sum p =
%(al + ag + (a1 + a2)) = a1 + as. Recall that the W-dotted action is given by

w-A=wA+p) —p, weW.

Thus to compute w - 0 we first notice that

si(a1) = —a1, si(az) = a1 + ag,

so(on) = o + g, sa(an) = —ap.
Using these we immediately get s1 -0 = —a3 and s - 0 = —ag. Also, 152 -0 = s1(s2(p)) — p =
s1(aq) — (a1 + az) = —2a7 — a9, and $351 - 0 = a3 — 22 by a similar computation. It then follows

that wg - 0 = sa(s152(p)) — p = s2(—2a1 — a2) — (@1 + a2) = —2a7 — 2.

(2) Recall from [Lecture 6, Corollary 2.3] that if M_s4, 24, contains an irreducible submodule of
form L, then
w=w-(—2a1 —2a2) X —2a7 — 20s.
Note that this implies 4 € W -0. On the other hand, since part (1) has given all elements in W -0, we
deduce p = —2a; — 22 and thus M_24, 24, = L_24,—24,, Which proves the irreducibility.

(3) From the proof of part (1) we see —2a; — 22 = s1(—ay — 2a2), and s; is defined by the simple
root oy € A. Also, it is clear that ((—ay — 2az) +p, &) = (—ag, 1) € ZZ°. Then M_,, 24, contains
M_24,—24, as a submodule by [Lecture 5, Lemma 1.3].

To show the irreducibility of M_q, —24,/M_24,—24,, sSuppose N is a proper submodule of M_,, 24,
containing M_s4, —24,- We claim that

. wt=—2a1 —2a9 __
dim M "500 =1

Indeed, if we write f1, f2, f3 € n™ for the root vectors corresponding to a, ag, a3 +aq, respectively, then
they generate a PBW basis of U(n™). Also, if v, is a weight vector of weight p, then f; - v, = v,_q,
for ¢ = 1,2. Known this, we see as in our case there is no more weights between —a; — 2as and
—2a1 — 209 with respect to the order =<, the vectors in M_,, 24, of weight —2a; — 2a can appear
exactly at once in M_s4, —24, through the action of f; € U(n™). As M_s4, 24, is free of rank one
over U(n™), we have proved claim. Granting the claim, note that the highest weight of N is at least
—2a1 — 2ae, which by our assumption on IV implies N = M_s,, _24,. Therefore, we conclude that

M—a1 —2az /M—2a1 —2a, = L—a1 —2ag

is irreducible.

Combining this with part (2), we see M_,, _24, contains an irreducible submodule whose quotient is
also irreducible, and hence length(M_q, —24,) = 2; here both [M_4, —24, : L—a;—24,] and [M_,, 24, :
L_54, 24, are forced to be 1. O

Problem 3.3 (Lecture 6, Exercise 3.3). We continue with the case g = sls.

(1) Prove: My contains M_,, and M_,, as submodules and [My : L_q,] = [My : L_o,] = 1.
(2) Prove: M_,, contains M_s4, —q, as a submodule and [M_,, : L_24, —a,] = 1.
(3) Prove: there exists a (unique) dotted arrow making the following diagram commutes’

M_,, —=— M

C
M_s0, —a, M_,.

Solution. (1) The argument is the same as that in Problem 3.2(3). For the first assertion, the result
follows from —a; = s;-0 and (0+p,&;) = 1 € Z?° for i = 1,2. Further, since there is no more weights
between 0 and —a;, the quotient My/M_,, ~ Lg is irreducible. Thus, for the second assertion, as
L_,, and Ly are distinct, we get [Mo : L_o,] = [M_q, : L_o,] =1 fori =1,2.

"Hint: Show f12f2 -Vp = U-V_q, for some u. Here vg is the highest weight of Mo, v_; = f1-vo is the highest weight
of M_q,, and f; € n™ is the root vector corresponding to «;.
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(2) As before, since s; - (—az) = —2a; — ag and {(—ag + p, &) = (a1, 1) = 2 € ZZ°, we know that
M_,, contains M_s,, _q, as a submodule. Similar to Problem 3.2(3), we have that

dim MY = 1,
This proves [M_q, : L_20;—a,] = 1.

(3) For each A € W - 0, let vy be the highest weight vector of M. Following the hint, it suffices to
show f2fy vy =u-v_o, = ufi vy for some u € U(n~). For this, notice that

fife= A(f1, o + fo i) = Alf 2 + fufafr

Also notice that both f1[f1, f2] - vo and [f1, f2]f1 - vo are highest weight vectors of M_s4, —q,, because
[f1, f2] sends a vector of weight v, to that of weight u — (o + a2). So there exists A € £* such that
filf1s f2] - vo = Alf1, f2]f1 - vo. Tt then leads to

[ f2-vo = (ALf1, f2lf1 + fufafr) - vo,
and taking u = A[f1, f2] + f1fo completes the proof.® O

Problem 3.4 (Lecture 6, Exercise 3.4). We continue with the case g = sl3. Prove: for A\,u € W -0,
[My : L,] # 0 if and only if X > p.

Solution. It is clear that [M) : L,] # 0 implies A > p. Conversely, we need to apply an enumeration
and use the known results in Problems 3.2 and 3.3. We need to show that each map in the following
diagram is an inclusion of modules, because these maps are exactly all maps of the form M, — M)
with p < A

M_90,—ay — M_q,

NN

M72a172a2

AN

M_g, 20, — M_q,

For this, it is known that

o M_,, <= My for i = 1,2 by Problem 3.3(1);
o M_54,—a, < M_,, by Problem 3.3(2);

o M_20,—a, = M_,, by Problem 3.3(3);

0 M_24, 20y <> M_4, 24, by Problem 3.2(3).

So it remains to show M_n, 20, = M_n,, M_q, 20, = M_,,, and M_o4,—24, > M_20,-a,. But
these follow from similar arguments as in 3.3(2), 3.3(3), and 3.2(3), respectively. O

Problem 3.5 (Lecture 7, Exercise 4.20). For any weight A € t*, let O C O be the full subcategory
containing those objects M whose composition factors are of the form L, for u € Wy - A. Prove:

(1) Each O, is indecomposable.

(2) For M € O, suppose we have a decomposition M ~ M; @& M, as t-modules such that the set
wt(My) — wt(Ma) == {A1 — X2 | \; € wt(M;)} has empty intersection with A,., then this is also
a decomposition of g-modules.

(3) For any central character x of Z(g), we have a direct sum decomposition

OX ~ @ Os.

AewH(x)
dot-antidominant

8In fact, one can even deduce the formula of u in a more explicit sense. As in Problem 3.2(3), let f1, f2, f3 be
(standard) generators of PBW basis of U(n™) corresponding to simple roots a1, az, a1 + ez, respectively. Then there
are relations turning out to be [fi, f2] = f3 and [f1, f3] = 0. Using these together with some elementary computation,
we get u = f1f2 + f3, and hence A = 1 in the original proof.
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(4) Conclude that

O ~ @ OA.

A dot-antidominant

Solution. (1) The proof uses the same idea as [Lecture 7, Proposition 4.19]. We may assume A is dot-
antidominant and suppose Oy ~ O1 @ Oz. Recall any Verma module M, is indecomposable because
it has a unique irreducible quotient L,. Moreover, if p € Wy - A, then M, C M,, as a submodule
by [Lecture 7, Corollary 4.15(2)]. Note that M) lies in either Oy or Oy, so all M,, are simultaneously
contained in one of @; and O,, and thus either O; ~ 0 or O ~ 0 holds.

(2) It suffices to show that M; is a g-module, and the same argument applies to Ms. For this,
taking v € My, we need that x - v € M; for all root vectors x € g. If this is not true then zy - v € My
for some root vector xy € g and then

(weight of v) — (weight of x¢ - v) € (wt(M7) — wt(M2)) N A,

which is impossible by assumption that (wt(M;) — wt(Mz)) N A, = . Thus both M; and M can be
regarded as g-modules.

(3) Considering W-dotted action on a fixed element p € w~!(x) C t*, we have a decomposition

w- o= |_| W[ Al A
A dot-antidominant
Recall that O, is the full subcategory of O supported on x. Then for each object M € O,, the
decomposition of W - 1 above leads to a decomposition of t-modules

M= & My

Aew 1 (x)
dot-antidominant

Notice that for two distinct dot-antidominant weights A\, \" € @~ (x), we obtain (wt(My)—wt (M 1))N
A, = 0 by decomposition of W - together with the definition of Wiyj; in particular, wt(My) N
wt(My)) = 0 as 0 € A,. Then by part (2) the decomposition of M above upgrades to a decomposi-
tion of g-modules, with the property that Home, (M[y), M{x1) = 0. So the desired decomposition of
categories follows.

(4) From the block decomposition we have that
O~ @ Oy.
X€Spec Z(g)

Note that for each y € Spec Z(g) the set of dot-antidominant weights in @ =!() is nonempty, because
w: t* — Spec Z(g) ~ t* /W is surjective. So it makes sense to apply part (3) to deduce

O~ GB EB Oy ~ @ Os.

X€E€Spec Z(g) Aew(x) A dot-antidominant
dot-antidominant
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HOMEWORK 4

Problem 4.1 (Lecture 8, Exercise 1.6). Prove the following.
(1) For w,w" € W such that ¢(w) + {(w') = {(ww’), we have

SuwOuw = Swur-
(2) For w € W and s € S, we have

5.5 — Ows if w < ws,
v (v =)y + dus  if w > ws.

and

5.5 Osw if w < sw,
e (v =)y + 05 if w > ws.

Solution. (1) Recall that if w = s;, ---s;, with & = £(w) is a reduced decomposition of w, then
0w = 85, =+ 05, . Provided that £(w) + £(w') = {(ww'), we see a reduced decomposition of ww’ can
be constructed by concatenating those of w and w’. Then

dwdw = -

(2) We first compute 6,,05. Suppose w < ws then £(ws) = {(w) + 1 = ¢(w) + £(s). Then by part (1)
the result ,,05 = d,,5 follows. Whenever w > ws we may write w = w’s for some w’ € W; note that if
this is the case then ws = w’s? = w’, and hence §,, = 8,05 With 6, = d,s. Recall the inverse formula

=0+ @w—v
which is equivalent to 62 = (v~! — v)ds + 1. Combining the ingredients above we obtain that
6uwls = 002 = O (V1 =)0 + 1) = (07! = 0)8u0s + 0 = (V71 = )80 + s
This proves the formula of 6,05, and the case of d5d,, follows from a similar argument. O

Problem 4.2 (Lecture 8, Exercise 4.8). For any X\ € t*, prove

(1) The surjection Py — Ly factors as Py — My — L.
(2) The obtained map Py — M) is surjective and exhibits Py as a projective cover of M.

Solution. (1) By definition Py is a projective cover of Ly; in particular, it is a projective module. On
the other hand, M) — L) is the canonical projection in Verma module, so Py — L) factors through
M, by the universal property of projective module Pj.

(2) Recall that M) is generated by a highest weight vector vy; so to show that Py — M) is surjective,
it boils down to figuring out the preimage of vy in Py. Since Py — L) is surjective, if we write Ty
for the image of vy along M, — Ly, then there exists some wy € P\ mapping to ). Note that w) is
nonzero of weight A, and hence mapped to a highest weight vector vy € My; on the other hand, the
subspace in M) spanned by highest weight vector is 1-dimensional, so vj = ¢ - vy for some ¢ € k*,
which deduces that vy is the image of ¢ 'wy. Therefore, Py —» M) is surjective.

To exhibit Py as a projective cover of My, notice that the surjectivity result above can be rein-
terpreted as follows: P, surjects to M) if and only if it surjects to Ly. We need to show that any
proper submodule of P, cannot be mapped to M, by any surjection. For this, if N C P, is a proper
submodule with N — M, then we also have N — L, which contradicts to the fact P, is a projective
cover of L. O

Problem 4.3 (Lecture 8, Exercise 4.12). For A € t*, let P — Ly be the surjection constructed in the
proof of [Lecture 8, Theorem 4.3], i.e., P represents the functor

O, — Vect, M —s M™=*,

Prove:

(1) This map factors as P — Py — Ly. Moreover, P — P, is surjective.
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(2) For g = sly, the obtained map P — Py happens to be an isomorphism®.

(3) In general, P — Py is not an isomorphism®’.

Solution. (1) Recall from proof of [Lecture 8, Theorem 4.3] that P is projective, so the factorization
follows from the universal property, provided that Py — L is a projective cover by Problem 4.2. Notice
that the surjection P — Ly induces another surjection im(P — Py) — Ly, and then P\ = im(P — P))
because Py is essential as a projective cover. This shows P = im(P — P)), namely P — P, is
surjective.

(2) As P is projective, by part (1) we get P = Py & K with K := ker(P — Py). Note that the
injection Py < P induces Homo, (P, M) < Home, (P, M) for all M € O,. It then suffices to show

(%) dim Home, (P, M) = dim Home, (P, M),

because if this is true then the two spaces are the same and Yoneda lemma deduces P = Py. To prove
(), since P represents the functor M +— M™*=* we have

Homoe, (P, M) = M™=*.
On the other hand, by [Lecture 8, Corollary 4.9], we have
dim Home, (Px, M) = [M : L].

So it remains to prove dim M“*=* = [M : L,] for any simple objects M € O,. But in the case of
g = sly, this follows from the classification in [Lecture 8, Example 3.17], together with the fact that
when [,1’ € Z, the I'-weight space of M; is 1-dimensional (so that for distinct weights pu # A there is
no vector in L, of weight \).

(3) We give a counter-example for g = sl3 to show the equality dim M**=* = [M : L,] in the proof
of part (2) fails. In the context of Problem 3.2(3), with x = w(0), we have for A = —2a; — as and
M = My that [My : L_24,—a,] = 1. This comes from combining part (1) and (2) of Problem 3.3
(which dictates that [My : L_q,] = [M_q, : M_2q,—a,] = 1). However, since 2aq + a2 admits two
formulations into sum of positive roots, which are oy + a3 + a2 and a3 + (a1 + a2) respectively, we
have dim My"*="2*17%2 > 9 Thus, [M : L,] # dim M"*=*, O

Problem 4.4 (Lecture 9, Exercise 1.11). Let A be a weight. Prove:
(1) If M € O such that wt(M) N {x | p= A} =0, then Extl, (M, My') = 0 for i > 0.
(2) Exty(La, MY) =0 fori> 0. _ _
(3) Combining (1) and (2), deduce Exty (My, L,,) = 0 and Exty (L, M) = 0for ¢ > 0 and p 3 A.

Solution. (1) For any M € O satisfying wt(M) N {p | p = A} =0, if L, is an irreducible subquotient
of M then p % X holds. Thus it reduces to considering M = L, with p # . If w(p) # w(N), ie. M
and My come from different blocks in O, we have Extl, (M, My) = 0 for i > 0 by [Lecture 9, Lemma
1.10]; so we may assume w(u) = w(A). We then consider the short exact sequence

0O—K-—M,—L,—0

induced by the canonical projection M, — L, with kernel K. Recall [Lecture 9, Corollary 1.3] that
we have Ext¢ (M, MY) = 0 for ¢ > 0. Moreover, by [Lecture 8, Lemma 3.14] and the assumption
w# A, we get Homo (M, MY) = Ext® (M, MY) = 0, and consequently

Extd (L, My) = 0.

Now it remains to show Extg(LH, M) =0 for i > 0. For this, applying the contravariant functor
Homoe (—, M) to the short exact sequence above, we have a long exact sequence:

9Hint: Use [Lecture 8, Corollary 4.9].

10Hint: What we have learned so far can (at least) prove this for sl3 and sly.

HHint: Step I. Reduce to the case M = L, with w(u) = w(A) and p % A.
Step II. Consider 0 - K — M, — L, — 0 and note that wt(K) < pu.
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0
I

- —— Bxtl(Ly, MY) —— Extip (M, My) —— | Extl, (K, MY)

Extiy (L, MY) | —— Extiy (M, MY) —— Ext5 (K, My) — -
I
0

It then follows that for i > 0,
Extl (K, My) = Exti ™ (L, MY).

So we only need to prove Exti (K, My) = 0 for i > 0. Since there are only finitely many irreducible

objects in O this can be done by induction on p with respect to <:

@ ()

o If p is dot-antidominant, then M, is irreducible and K = 0. In this case, the vanishing result
obviously follows.

© Suppose Extzb(Lp/,M)\\/) = 0 holds for all ¢ > 0 and u’ < u. Notice that K € O is always an
extension of L,/’s with z/ < p1. So we get Ext, (K, My) = 0 for i > 0 as desired.

This completes the induction and we conclude that Extf,(M, M) = 0 for i > 0.
(2) As in part (1), consider the short exact sequence
00— K —M,— L,—0.

Notice again that for each p € wt(K) we have p < A, so wt(K)N{p | p = A} = 0, and then by part (1)
we get Ext{ (K, My) = 0 for i > 0. On the other hand, as in part (1), we know Ext{,(My, My) = 0
for i > 0. Therefore, applying the contravariant functor Home(—, MY') to the short exact sequence
above, we have a long exact sequence as follows:

0
|
0—— HOIH@(L)\,M)\\/) — HOmo(M)\,M)\\/) E— Hom@(K, MR/)

ey

Extg (L, MY) | —— Ext(My, My) —— Exty (K, MY) — -
I [
0 0

Thus, Ext{(Lx, My) = 0 for i > 0 is implied by Extf, (M, MY) = Extl, ' (K, MY) = 0; but note
that this may not vanish at ¢ = 0.

(3) Using the isomorphism L, = L, the vanishing result of Ext{,(My, L,,) follows from that of
Extlb by duality. Thus it suffices to check Extzg (L, MY)=0. If 4 < X then M = L) satisfies the
condition of (1), otherwise u = X\ and we are in the case of (2), and in both cases we have the desired
vanishing result. O

Problem 4.5 (Lecture 9, Exercise 3.18). Let u be any dot-antidominant integral weight. Prove!%:

(1) For any w € W, (2, : M,.,) = 1 and there is a surjection Z, — M,,.

(2) For any w € W, (P, : My.,) > 1 and there is a surjection P, — M,.

(3) There exists an isomorphism =, ~ P, compatible with the surjections to M.
(4) For any w € W, [My,.,, : L,] = 1'3.

12Hint: [Lecture 9, Lemma 3.5] for (1); [Lecture 9, Theorem 2.2] and [Corollary 4.15, Lecture 7] for (2). For (3), first
find a surjection Z, — P, and then use (1) and (2).
1335ee [Gai05, Proposition 4.20] for a different proof of this fact.
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Solution. (1) By [Lecture 9, Lemma 3.5], if v is the unique dominant integral weight in W (u—(—p)) =
W(p+ p), then =, .= T" (L_,) 2 T" ,(M_,) € Og(,) admits a standard filtration and we have the
multiplicity

(Ep: Myy) = (TF (M_,) : My.,) = dim LY== 0= (00 = 1,
Here the last equality follows from w - u+ p € W(v) by our construction. In particular, taking w = 1,
we deduce

dim Home (,,, M) = (- M) = 1.

Consequently, there exists a non-zero map ¢: E, — M l\f in O. As p is dot-antidominant, we see
M, = MI\[ is irreducible, and hence =, must surjects onto M,, through =,, — M;\L/ ~ M,,, which is the
desired surjection.

(2) Using BGG reciprocity [Lecture 9, Theorem 2.2], we have
(Py: My.y) = [My.p = Ly).

To compute the right hand side, by [Lecture 7, Corollary 4.15] and that p is dot-antidominant integral,
L, = M, C M,., as a submodule. So we get [M,., : L,] > 1 and hence (P, : M,,.,) > 1. Also, the
surjection P, — M, is constructed as in Problem 4.2(2).

ot

(3) Since we have the surjection =, — M, from part (1) and Z,, is by definition a projective object,
the surjection P, —» M, induces a factorization diagram

B, ----2--- P,
\ i
Mll

and then we get a map 7n: =, — P, compatible with the surjections to M,,.

Now it remains to show that 7 is an isomorphism. Recall from Problem 4.2 that P, is a projective
cover of M, so n must be surjective by the same argument thereof. To show the injectivity, define the
weight submodule K := ker(Z,, - P,) C £,. Then by (1) and (2), for any w € W,

By My.,) =1< (P, : My.,) = (K : M,.,)=0.
This makes sense because K admits a standard filtration by [Lecture 9, Lemma 1.8]. Therefore, we
get K =0, and n: £, — P, is an isomorphism.

(4) It follows from part (3) directly that

[My.p: Ly = (P : My.p) = (E, : My.p) = 1.
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HOMEWORK 5

Problem 5.1 (Lecture 10, Exercise 3.3). Let X be an affine smooth k-scheme. Prove: Any k-derivation
O(X) — O(X) is a differential operator of order 1, and the obtained map

O(X) & T(X) — FS'D(X)
is an isomorphism.

Solution. Let 9: O(X) — O(X) be any k-derivation, regarded as an element of 7(X). Then for any
fyg € O(X), we have

[0, fl(9) = 0(fg) — f-0(9) = 0(f) - g.
Here the first equality above is by definition of Lie bracket, and the second is because 0 satisfies Leibniz
rule. Since multiplying by 9(f) € O(X) is known to be a differential operator of order 0, we see 0 is
a differential operator of order 1.

To prove the provided map is an isomorphism, we need to show that each element of FS!D(X) can
be uniquely written as a sum f+ 0 with f € O(X) and 0 € T(X). From the argument above we know
f € FS'D(X) and 9 € FSI'D(X), so that f + 0 € FSID(X). Thus the following k-linear map makes
sense:

®: O(X)®T(X) — FS'D(X), (f.0)— f+0.
Now it suffices to check the bijectivity of ®.

For the injectivity, let f+9 = 0 in im @, then f- g+ d(g) = 0 for all g € O(X). In particular, when

g = 1 we obtain

f+o()=0.
Here 0 € T (X) satisfies Leibniz rule, so 9(1) = 9(1-1) =1-9(1) + 1 - 9(1) = 29(1), which implies
d(1) = 0. It follows that f = 0, and thus d = 0 as well, which proves the injectivity.

For the surjectivity, let D € FSID(X). Caution that D does not need to satisfy Leibniz rule. For

any f € O(X), the operator
(D, f]: O(X) — O(X), s+ D(fs)—[f-D(s)
is of order 0, so we get [D, f](1) € O(X), and [D, f](s) = [D, f](1) - s holds for all s € O(X). In
particular, we take s =1 € O(X) to deduce
[D, f](1) = D(f) = f- D(1) € O(X).
Using this formula of [D, f], for any g € O(X), we deduce

D(fg) = f-D(g9) =D, fl(9) = [D, fI(1) - g = D(f) - g — D(1) - fg.
This then gives us a formula of D(fg), written as
D(fg)=D(f)-g+f-D(g) —D(1)- fg.
On the other hand, the formula of [D, f] also suggests to consider the map
D-D(1)=[D,=](1): O(X) — O(X), f+—[D,f].

We claim that it is an element of 7(X) = Der(O(X), O(X)). Indeed, since the k-linearity of [D,—](1)
in f is clear, it is clearly an endomorphism on O(X), and we only need to verify Leibniz rule. For this,
we compute for any f,g € O(X) that

(D, fgl(1) = D(fg) — D(1) - fg
D(f)-g+f-D(9) —2D(1) - fg
=(D(f)=DA)-f)-g+f-(D(g) - D) -g)
=[D, fI(1) - g+ f - [D,gl(1).
Here the first and last equalities above are due to the identity D — D(1) = [D,=](1), and the second
is by the prescribed formula of D(fg). This finishes the proof of surjectivity because

D - D(1) + [D. )
with D(1) € O(X) and [D,=] € T(X). O



GEOMETRIC REPRESENTATION THEORY I 17

Problem 5.2 (Lecture 10, Exercise 7.3). Let X be a smooth k-scheme dimension n. Prove: There
is a unique right Dy-module structure on Q% such that for local sections f € O(U), d € T(U), and
w € Q% (U), the right action is given by

w-f=fw, w-0=-Lsw).

Solution. Since X is a smooth k-scheme, it suffices to check the unique Dx (U)-module structure on
Q% (U) for each open affine U C X. For this, we only need to concern about the action of FS!Dx (U).
By Problem 5.1, it suffices to consider the actions of O(U) and T (U).

Let {z;}~, be an étale coordinate system locally on U. Then, according to [Lecture 10, Proposition—
Definition 1.21], {dz;;, A---Adz;, 1 <ip < -+ < iy < n} form a free basis of Q% (U) as an O(U)-
module, and {9;, -+-0;,, 1 1 < i1 < -++ < iy < n} is the dual basis of T(U). Note that for [ # k we
have [9;, Ox] = 0. To recognize the action of 7 (U), we compute for w € O% (U) that

w- (0 -+ 0i,) = (=1)"(Lo,, o+ 0Ly, )(w).
Also, to check the compatibility of actions by O(U) and 7 (U), we need to check:
e The definition of Lie bracket [0, f], i.e. (w-0)- f — (fw)-0=w-9(f), and
e The composition equality w - (f0) = (w- f) - 0.
For the former, the given action means it is equivalent to —fLs(w) + Lo(fw) = O(f)w. As for the

latter, it suffices to check —L5(w) = —La(fw). We see both equalities above are clear by definition of
Lo'*, so we get the right Dx-module structure. The uniqueness also follows from the argument. [

Problem 5.3 (Lecture 10, Exercise 7.6). In [Lecture 10, Example 7.5], prove M_x is isomorphic to
Ox as left Dx-modules if and only if \ € Z.

Solution. Recall the construction of M, as follows. On X = A! — 0 = Speck[z*!], with \ € k,
the Tx-action on the left Dx-module M, is given by 9, - 2* — Az~ - 2* = 0, and then we have an
D x-module isomorphism
MI)\ >~ Dx/DX . (8,3 — /\1‘_1).
Note that we have an isomorphism between underlying O x-module structures; note that any isomor-
phism M x >~ Ox of Ox-modules must be of form
t:Ox — My, fr—uf

for some u € O%. Fix such an ¢ in the following, then by PBW theorem for Dx, this ¢ upgrades to an
isomorphism of D x-modules if and only if u is such that

0:(f) = 0z - (uf),

where the right-hand side means the left action image of 9, € Dx. Since 9, € Tx, it satisfies Leibniz
rule and we get

0 - (uf) = 0p(uf) —u-0:(f) = 0u(u) - f = Xa™h - (uf).
As this holds for all f € Ox, we see u =z* € O%. Also, 2* € 0% = k[z*F']* if and only if A € Z. So
we see ¢ is an isomorphism of Dx-modules if and only if \ € Z. O

Problem 5.4 (Lecture 11, Exercise 6.7). Let z: pt — X be a closed point of X. We write ¢, =
Zxar (k). Prove:
(1) 0z ~ k; ®o, Dx as a right Dx-module.
(2) 6, is set-theoretically supported at z, i.e., for the complement open U = X — z, we have
596|U =0.
(3) There exists a unique section Dirac, of 0, such that Dirac, - f = f(xz)Dirac, for any local section
f of Ox defined near x.

14By definition, when U is affine with étale coordinate system {x;}}_,, if we write w = w(z1,...,2n), then
n
Low) = 0(w) — 3w,
i=1

where w(® = w(z1,...,[0,2i],...,2n).
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(4) ¢, is generated by Dirac, as a right Dx-module.

Solution. (1) Note that x is an affine morphism (implying that z, qr is t-exact) and Dy, x is locally
free as an Ox-module. Then by definition we have that

6:3 = $*7dR(k) = I*(k ®Dpt Dpt—)X)7

where Dy = Opy = k and Dy, x = 2*Dx. Combining this with derived projection formula, we get
an isomorphism of Dx-modules

Op = .Z‘*(ki ®Opt x*'Dx) ~ z.k Rox Dx =k, Rox Dx.

(2) Consider the open embedding j: U < X. Using the isomorphism of part (1), we have
]*695 2]*(]633 ROy Dx) Zj*km ROy j*DX

But as we know k, = x.k, it is clear that j*k, = 0. Here we regard k, as the skyscraper sheaf at x
and k the constant sheaf on X. So we have d,|y = j*0, = 0 as desired.

(3) We see from part (1) that 6, ~ k, ®o, Dx. We claim that Dirac, € ¢, is the isomorphic image
of the canonical element 1®1 € k, ®0, Dx, and hence the existence and uniqueness follows. To check
1 ® 1 satisfies the desired property, we let U, be any open neighborhood of z in X and compute for
any local section f € Ox(U,) that

1ol)-f=10(1-f) =18 fluy = f(x)(1@1).
This completes the proof of Dirac, - f = f(z)Dirac,.

(4) By argument in part (3), we can identify Dirac, with 1® 1 € k, ®, Dx. Since 1 ® 1 clearly
generates ky ®o, Dx under the right Dx-action, the conclusion follows. O

Problem 5.5 (Lecture 11, Exercise 8.3). Let x: pt — X be a closed point of X. Prove
bp @ 0g ™ O

(A formal proof exists, but you are encouraged to do some direct calculations to see H'(d, ®o 6) = 0
unless i = 0, and H°(d, ®o 6z) = d.)

Solution. We prove by direct calculations on cohomology. Using [Lecture 11, Construction 3.10], we
have the formula
6 @' x> 0, R0y 0r Doy Wi [—dx].

Also, by Problem 5.4 we see d, ~ k,®0, Dx is set-theoretically supported at x. This together with the
formula above shows that §, ®o, J, is a quasi-coherent Dy-module!®. Now we construct a resolution
for &, by constructing that for k,. Taking an étale local coordinate system {z;}%¥ at z such that =
corresponds to the origin, we get an étale map U — AZX of schemes where U is an open neighborhood
of x. This gives rise to the Koszul resolution K, of length dx for the skyscraper sheaf k., written as

Ke =(Kgy = — K1 - Ox) — ky — 0.

Note that each K; = A'K; is a locally free (and hence projective) Ox-module, and then each K; ®¢

Dx is a locally projective Dx-module. So Ke ®0,, Dx is the desired Dx-module resolution of k; ®o

Dx =~ §,, which is also locally projective of length dx. Locally at z, if we write H'(d, ®oy 0z) =
Li(X, 6, ®0x 0;), then Serre duality dictates that

H (62 R0y 0a) = ExtE (02 R0y 0awx ).
To compute the right-hand side, recall that the cohomology of any Koszul complex must vanish away
from the last term. Thus, applying this property to (Ke ®0y Dx) Qo (Ke ®oy Dx), we get
52 ®(9x 6z7 lf]:dX7

Extl, (8, @0y Oa, =
0x (% B0x 02,0x) {o, if j # dx.

151f this is true then 6s ®0y 0z will admit a resolution of length at most 2dx by locally projective Dx-modules.
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Moreover, we have 0, ®o, 0, =~ 0, because of the computation (k; ®o, Dx) Qo (kz ®oy Dx) =
(kz ®0y kz) ®0x (Dx ®0y Dx) = ki ®0, Dx. Combining the ingredients above, it then follows that

, 0y, ifi=0,
H (0 @05 0:) = {0, if i # 0.
Therefore, for any Dx-module %,
Homp, (8,,.%) ~ Homp, (H°(6, ®0y 0z),-F)
~ Homp, (Exté); (02 R0y 0z, wx), F)
~ Homp, (Homoy (0: ®oy 0z, wx[dx]), F)
~ Homp, (6 ®oy 6z, wx[dx] ®oyx F)
~ Homp, (8, ®0y 0z oy wy'[—dx], F)
~ Homp, (6, @' 6,,.7).
This finishes the proof of §, ®' 6, ~ d, by Yoneda lemma. O

Alternative Solution. We also present a formal proof. Apply base change theorem to the following
Cartesian diagram

pti—d>pt

bl

pt —*— X

. . !
we see that z' o ZTy,dr = idy gr 0 id’. Thus we are able to compute

0z @' 0y = Tu ark @' O, (by definition)
~ . qr(k @' 2'0,) (by projection formula)
=z, ar(k @' 2'z, ark) (by definition)
~ 7, qr (k ® id, arid'k) (by base change)

~ JJ*7dR(k’ ®! k)
But it is clear that k ®' k ~ k, and hence we get 0, ®" J, ~ Ty drk = 0z. O
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HOMEWORK 6
Problem 6.1 (Lecture 12, Exercise 3.9). Show that
dim FUEY = L(w).
If you do not know the basics about reductive groups, prove this for semisimple G.
Solution. By [Lecture 12, Lemma 3.7] we have that
FUGY ~ N/(Ady(N)NN) ~ Ady(N)NN™.

Recall that dim N is the number of positive roots, and the goal now is to also reformulate Ad,,(N)N
N~ in terms of positive roots in ®*. For this, provided the root space decomposition g = tHEP,, ca 9o
let X, € g, be the root vector corresponding to «; this defines the root subgroup

Uy = {exp(sXq4): s € k}.

Observe that each U, is a 1-dimensional algebraic group over k, and we can view the generator of U,
as the map uq: G, = G, s — exp(sX,). Also, to consider the W-adjoint action on U,, we compute
U(a)(8) = exp(5 Xy (a)) = exp(s Ady (X)) = (Ady(ua))(s), and it follows that

Ady(Us) = Una)-

On the other hand, there are isomorphisms of k-schemes N ~ Hae<1>+ U, and N~ ~ Haeqr U, so in
particular Ady,(N) ~ [[,ce+ Uw(a)- To conclude, we obtain
Ady(N)NN™ = ] Uueyn ] U5~ ][] Ua
a€dt pedt acd™
w(o)eP™

because U, (q) NU—-p = 0 unless w(a) = —f € &~. Again, by dim U, = 1 we see

dim ZUGY = #{a € ®T: w(a) € 27} = {(w),
where the last equality is by definition of ¢(w). O

Problem 6.2 (Lecture 12, Exercise 4.9). Deduce the BGG theorem from the localization theorem
(see [Lecture 12, Theorem 4.7]).

Solution. Given A, u € t*, there are w and w’ such that A = w - (—2p) and p = w’ - (=2p). To deduce
the BGG theorem, assume [M) : L,] # 0 and it suffices to prove w’ < w.
By localization theorem, we have

My +— Ay, L, +—1ICy.

Here A, = iwwgoggéw with 4,0 FUGY — Flg. Since the Schubert cell #4Z" is a locally closed subset
of #le and supp(A,) C supp(O gzgéw) by property of !-pushforward, we see A,, is set-theoretically
supported on the closure of #¢Z", which is fééw. In particular, any subquotient of A,, is set-
theoretically supported on % éw. From the assumption [My : L,] # 0, we know IC,, is isomorphic
to a subquotient of A,,, and hence supported on . éw.

Provided the above, we get supp(A,) = ﬂééw/, and it suffices to show the Bruhat cell Cy, := 3‘75“"
is contained in supp(IC,-). Indeed, by definition we have IC, = im(A,s — V,); on the other hand
Awle,, = Vuwlc,, = Oc,,, implying that IC|c,, = Oc,,. This proves that IC, is non-zero when
restricted to fféw/, and hence w’ < w. It follows that p <~ \ as desired. O

Problem 6.3 (Lecture 12, Exercise 4.10). Prove that when G = SLy, the homomorphism a: U(g) —
D(FL¢) induces an isomorphism
U(8)xo = D(Fla)-

This is a special case of part (1) of localization theorem (see [Lecture 12, Theorem 4.7]).

16Hint: Prove any subquotient of Ay, is set-theoretically support on the Schubert variety (yféw.
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Solution. When G = SLy, we have F#/{; = P! and need to consider a: U(g) = Ul(sly) — D(P).
Let e, f,h be a standard basis of g = sly. Recall that Z(U(g)) is generated by the Casimir element
Q=cef+ fe+h?/2e€U(g). Let U = {(z :1): z € k} be a standard affine open in PL. For each
coordinate parameter u of U, by computing

a(g) -u= % t_o exp(tg)(exp(—tg)u), g€ {e, f,h},
we see, depending on the choice of u,
ale) = =0, off) =u?d,, a(h)=—2ud,.
It follows that
a(9) = alef + fe+ h/2)
= (=0,)u%0y + 120, (—0y) + (2ud,)?/2
= —2ud, — u?9% — u?9? + 2ud, + 2u*0?
=0.
Since the central character xo corresponds to Z(U(g)) = k[€?] and a(€2) = 0, the map « factors through
U(g)y,- So we get
Oyt U(8)yy — D(Flg).
Note that both sides of a,, admits graded structure, and we claim that
gr' (U(9)y,) = 9 — T(Flc) = gr'D(Flc)

is surjective. If this is true, then a,, is surjective as well. Indeed, the claim follows from that
T(Fle) = Og,(2), whose global section is generated by a(e), a(f), a(h), meaning that « is surjective
when restricted to g. Thus we have proved the claim as well as the surjectivity of a,,. Now it remains
to check the injectivity. For this, we have the embedding gr*D(Flg) — (Sym® T)(F#Ls) that is an
identity on degree 1 part. Also, the diagram below commutes:

g (U(g)y,) — 2 gr*D(Flc)

\ |

(Sym® T)(ZFLs).

Here the map gr*(U(g)y,) — (Sym® T)(#{¢) is surjective because we have shown «,, is surjective on
degree 1 part. To show this map is injective, we only need for all n > 1 that

dim gr*(U(g)y,) = dim (Sym" T)(Fq).
Note that Sym™ 7 = Sym" O(2) = Op:(2n)'7, so the right-hand side equals dimI'(P*, Op:1(2n)) =
2n + 1. To compute the left-hand side, using PBW theorem, gr”(U(g),,) has a basis {e’ f"~": 0 < i <

n}U{e'f"""1h: 0 <i < n—1}, so it also has dimension 2n + 1. This completes the proof that ay,
is injective, and hence an isomorphism. O

Problem 6.4 (Lecture 13, Exercise 1.5). Let e € X ~ G/B be the closed point corresponding to the
chosen Borel subgroup B. We aim to prove that, as stated in the localization theorem, we can produce
the (left) Verma module M_,, with highest weight —2p if using the left D-module corresponding to
Se. Let 6. ~ 6. ® w}l be the left D-module corresponding to d.. Consider the left U(g)-module
Vi=T(X,6).
(1) Prove: There is a canonical isomorphism
(Sle ~ DX ®OX é,
where £ is the fiber of w)}l at e, viewed as a skyscraper sheaf.

(2) Let £ — V be the injection induced by taking global sections for the embedding Ox ®o, ¢ —
Dx ®0y ¢. Prove!®: This line in V is a weight subspace of weight —2p.

17See the proof of Problem 6.5 for details in this standard fact.
B8Hint: £~ A¥Tx e and Tx,e ~n”.
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(3) Prove!?: The subalgebra b C g stabilizes the line £ C V?7.
(4) Construct a U(g)-linear map

M_gp —V

and prove it is an isomorphism.

Solution. (1) By Problem 5.4, there is an isomorphism 0, ~ k. ® 0, Dx of right Dx-modules. On the
other hand, by definition we have the commutative diagram

- wl
D(Ox-modge) “220X“X, (0 y-modqe)

iner( J{indl
-1

D(Ox-mod) Doxwx, D(Ox-mod.)

which leads to k. ®0, Dx ®o w;(l ~Dx oy ke®0y w;(l. If we write i: e — X, then by construction
we have an isomorphism ¢ ~ i*i*w;{l of Ox-modules. Thus,

6 > Dx ®oy ik ®oy Wy (by argument above)
~Dx oy ix(k @0, i*w;(l) (by projection formula)
=Dx Roy ixi*wy' (by O, = k)
~ Dx Qo, /. (by prescribed description of ¢)

(2) By construction we have £ ~ A9Tx . ~ A%n~. Let v be a generator of this line ¢, then v must
be of form A 4 vo. For each h € b, we have by definition of h-action that

Moy = N varhs)= 3 B0 N va= 3 B -v.

BEP— aed— —{B} BED— acd— BED—

Note that } 54— B(h) = —2p(h), so £ C V is a weight subspace of weight —2p.

(3) Recall that the PBW theorem for Dx dictates gr*Dx = Symg,, Tx, which further gives rise
to a canonical filtration on V', where FS'V is the image of £ under the action of FS'Dx. Recall that
the g-action is realized by Dy through the map g — Tx — FS!'Dx < Dyx. Restricting this to
b C g, the map b ® £ — V factors through FS'V (as the canonical map U(g) — Dx is compatible
with the filtration). To show that ¢ is stabilized by b, it suffices to show that via the prescribed map
b — g — Dx, the image of b ® ¢ lies in Ox ®o, ¢. For this, we only need to show the composition

bl — FSIV — gr'V

is zero; but we observe gr'V = (gr'Dx)(¢) = Tx () =~ n~ @ ¢, which means the desired composition is
induced by the map b — n™.

(4) Choose a set-theoretical map M_s, — V such that the highest weight vector v_s, € M_5, is
mapped to a generator v € £ of £ C V. By part (3), £ = kv is stabilized by b, so the map

M 5, =k 2, @y U(g) — V

is U(g)-linear. To show this is an isomorphism, it suffices to show the bijectivity. The surjectivity
follows from that V' is generated by Dx from ¢ and U(g) — Dx is surjective. As for the injectivity,
suppose t € U(n™) is such that t - v = 0 in V, then we must have ¢ - v_5, = 0 in M_,, because the
map is U(g)-linear. This completes the proof that M_,, ~ V. O

Problem 6.5 (Lecture 13, Exercise 3.12). For G = SLo, prove p: N = N is the blow-up of A at the
point 0 € V.

19Hint: Consider the PBW filtration of Dx and the induced filtration on V. Show that b ® ¢ — V factors through
FS1V and the composition b ® £ — FS1V — grlV is zero.
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Solution. For g = sly, we have N' = {X € sly: det X = 0}. If we write X = (2 %) € Ma(k) satisfying

c —a

the condition det X = —a? — bc = 0, we can realize the nilpotent cone N as the affine k-scheme
N = Speckla,b,c]/(a® + be).

Recall that the blow-up of N at 0 is Proj(R(Z)), where R(Z) = €D,,5,Z" is the Rees algebra with 7
the defining ideal of 0 € N, generated by images of a, b, ¢ satisfying a? + bc = 0.
On the other hand, by definition of Springer resolution, at 0 € A/ we have

N ~T*(G/B) = T*P"' ~ Specp: (Symg,, Ter).
Here the last isomorphism is given by [Lecture 13, Construction 2.4]. To compute the relative spectrum
on the right-hand side, we use Tp1 = Op1(2)?° to get
Sym$,, Ter = Symd, , Opi(2) = €D Sym” Op1(2) = @ Op1(2n).
n>0 n=>0
Combining these up, to show that N is the blow-up of A" at 0, it remains to check Proj(R(Z)) ~
Specp: (B,,50 Op1 (2n)) as k-schemes. But this is true because each section of R(Z) generates a regular
function in a, b, ¢, and the degree of a is reduced by 2k € Z for some k via the relation a? +bc = 0. O

20For an explanation, notice that deg(7p1) + deg(Op1) = x(P!) = 2 with deg(Op1) = 0, so Tp1 = Op1(2).
Alternatively, we can construct the tangent bundle Tp1 explicitly as follows. Cover P! by standard affine opens
Upo={(1:z1): 1 € k} and Uy = {(z0 : 1): o € k} and write down the transition function on Up N U; as z1 = zgl. It
follows that d(xgl)/d:c = —1/22, which also proves Tp1 = Op1(2).
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T

PHOTOGRAPH — JUNE 8, 2024; AT THE MILL CIiTY MUSEUM, MINNEAPOLIS, MIN-
NESOTA. The prototype of a machine of flour manufacturing industry over which the
city was once upon celebrated.
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