
Lecture C1 "Some arithmetic applications"
50. Motivation

=>n elliptic cure, condE=N

p+ IN good superfingular prime:api = pt1- #E(Ep)
=>0 (modp).

· - ECE)0QK6 -> SelpolE(M) -> W(E(Q) <p8) -> 0.

Consider the following (1)-18):

(1) p-part of 850 formula in rKO

LE,1) tO Eordp(LIEK) =ordp (WIE/Q) ICIE)

(2) p-converse to Gros - Eagier & Kolyragie

corkyWepE(Q) =1 =) ords-,L1E,1) =7.



6)p-part of 8SO formula in rk1:

ord,=L(E,s) =1

=>ordp)WERE) -ordp (HWIFIQ). TcelE(Q).

Today: Assuming further ap= 0 (automatic (<3),
explain how (b) - (3)

follow from certain signed" Main conjectures
pioneered by Kobayashi.

Later lecture: How "Main result" in Xin's lecture

( # C
these "rigned" Main Conjectures



From now on: ap = 0.

&1. Kobayashi's Main Conj.

W Qn = 18c &(Npd)
n> 0

↑ =Tp cyclotomic Tp-ext'n
④

Historical difficulty: The cokernel of restriction

Gal(Qx/Qn)
SelpolElan) ->SelpolEQd

is infinite for mxn0 (00 Mazuri control them, doesn't hold
& the Pontryagin dual

x(E(Rs):=SelpolF(Q)
"

is f.g. but contortion over 1:= EpDXD.(ELXD
v+91+X



Another difficulty: The are a padic L-fractions
Coy Amice-Velo &Vithik)

Cp,a(E), [p,z(E) t@pUID x N

where d, z = roots of x- 0px+ p
= FF.

with the interpolation property: Xx:1->/Np&

Cp,a(E)(x) = S
(1 - z)%Ex ifx = 1

p"LIE,F,D if cord
x(x)xn2g

pl> 1

(similarly for (pa/E)

*rtordp(a)>O -> CoolE)#N.



Solutions:

Kobayashi: Consider the signed groups

Seo(E/(n) =

=1)Selpo/E/Qn) M E(Up,n)880/0IE(Qp,n)

where

=>(Qpin):= SPcElOp,n)@Op/p v.t.

3TrMax(P)eECRpm)
for all

0=m<n,

m even

=Tap,n) =9--modd]

Pollack: JCpE), CpTE) -N
=CoalE) =CpTE). log + CpTIE) - logod

Cpia(E)=-,
where logc@ICD are "half logarithms".



Kobayashi's Main Conjective:

** (E(Δd):=tmSelw(EQn))"is A-torsion,

with
charnX+(E((d) =([p(E)).

Proposition 1. Kobayarbi's MC =) p.part of
*so formula in rk0.

Roof. By Kobayashi's analogue of Mazar's control this
the restriction map

*
IE(Q) -> SelolEIQd)
=SelpoVE/Q)

is injective with finite cokennel.



interpolation property
Thus ↑

L(E,1) + 0 = C(E)(0) FO

Kobayarhio/**X*(/Qd), <00
MC

& #SelpolEQ) < 00
->

HW((d)<p0]
&EFERA) EN a char power series

for x+ (E/Rd).
Then

*)(0)vpHW(E(r)[p8)TCVEX,)
1)mod [p*

((E)(0) =2.Lx
... part of 150 formula holds. W



52. Signed Heegner Point Main Conj.

12 imaginary guarde. field satisfying
the Heegner hyp.:

->integral ideal McOK with UK/E*/NT7
& ouch that

p
=05 splits in K.

k= Uk
n>,0

pac-(z) C K

pac =40 anti-cyclotomicth

b()



Via RF: Yo(N) &E get Heegner pe
XmtElkn) st.

Trn+n(xn+1) =apXm
- Xn-Xn> 1

=>unbounded classes

1, 15c(tmSel(km,ToE)) 0. RpR/CD,
where 1= 1/acD.

C.-Wan: 7kg, k5c 5,(k*' ToE)
j

lim Sel(kn ToE)
↑
defined following Kobayahi



st.(19) =Mcos(
-

~Mexz/@pD/*CD)

"half-logarithm matrix.

Signed Heegner Point Main Conj.:
*(E/13) ==(Sel(E((()(

V

has 1.rK1, and

charnac (x*(E/K.*)cow) =chaenac (50(koosTESai
where up = E#OY

E = Manic constant: s7Wp = G.CnifizdE
f

newform



Proposition 2. Signed Heegner Point MC

=>poconverse to bZa Kolyvagin.

Roof. Supp.corK1Welpo(E(Q) =F.
Choose K imag. grade. v.t.

· Heegner hyp. holds

·

p
=0 splits in K.

· L(EY, 1) FO.

ByKato,

corknnteof(x)
=

corkWelpo(E(x) =1.

·- See "(E/K)

rKcxX(E/1) pac



=>I*1) + chanc (5p"(ka* ToE),(k)
signed
HPMC

where 70x top gen.

=>It has nontortion image to under

5IKE,TESpac's Selk,TpE)
I

seeK, TpES
"He is

But K0 = Kummer image of clasical Heegner p

#
LIE(k,1) FO

&ros-Eagier

# ords-,L(E,s) =1 W
S

L(EY,1)+0



$3.p-adic Grows-zagier formula

Proposition & Kobayashi's MC

=>p-part of 850 formula in HK 1.

↑oof. Support ords, L(E, s) =1,
and choose I imag. gade. field

as in Proposition 2.

1 Fords-L(/k,s) =1).
ByKolyvagin & Gror-Eagier,

E((x)0R =E(Q)0Q =kyk =Q
↑

Heegner p-

& WOE/K) < 00.



By Kobayashi's padic bz formulas

Cpa(E(()(0) =cn(1 - )". SY1,913)p.a
↑

p-adiant.

where Cp,alt(k):=Cp,a(E). Cp,alEK).MEREK
REIK

c QpAND.

=[ba(E)(0) =(1 - 1)%EsTESP, p p
67 formula

intero 2p,alE*) where p = gen. of ECC)tors

While by Kobayashi Mc + Perrin's work,

Cs(E)(0) vp(1 -) HN(E(d).Tara)SO.pps

sp850,t p-part of BSO formula holds. E


