
Lecture (2 "Cupidal Hida theory for semi-ordinary forms"
31. Setting
K =imaginary quadratic field where p = 3 jo splite
6 =6U(8,1) C (p) = GLx/Qp)xOp*

· Integral moduli problems: For fixed K"cO((g) heat
⑤x unir.remiabelian scheme compact open

moduli of(p)3
SA

=(A,y1Y
Y
eP

She star in gain
(OK,

w=
=e*m's/stor, w = deta

=>cHO(stor, whelp) (ta(o) lift of Hare invariant.

· Levels atp:

kp==qv=) mod p}
l

kp==Gv=(0) modpn3 <6Kp).



moduli of
· Igura tower: 2.<p)}

S
level Kpin: Jn <Thor - StorkE]

↑ I ↑
red'n mod pl Tn,m4 Thi ->sE]

cr
Tsol(p) =207 -> Kp/kpin

level K8m: 50 Motorata

· Mod pen automorphic forms on 6:

Vn,m:=HOTnm ,0
J

cuspidal: Vim:= HOTnms I)
↑

Im ->Stor(E)
*

Istor
-

ideal cheat of tostor



· Classical embeddings:

HO) story was to tie him Vn,m[t]⑨

weight
t=(0.0,2t)

Histor WEI) as him him Vi(t, t-]

MENKsKpin) as fir tUn,m(t,t]) [E

MY(KPKon)- (tim lm Vi(tt])[].



Theorem (Cuspidal Hida theory for semi-ord forms)
Put

· 50. = Emti Vim 8 Aso =<RTsoKpR
A

so

· g0.:= Hom (tso50O(xp),50

where eso = himr
ae

(up +(800)
· M.:=Hom(5.0andso

53Asovareforms



Then:

(1) 8.0
*

= free of finite rank /N so

(2) V(tt-) -> HoM(Tso(tx),8),
we have isomorphisms

M38 IskeIt i) (tim Amesovn(t*5].
with E=10,0,tjt) dominant

(3) Vitt) as in (2) there are embedding

esoMECKsOkon)- (M.O.NsYkItx)*8p,
and given Ox-t

this is an iromaphism for t-x-tt

Remark. The method of proof parallel standard
Hide theory.



SS2. A key ingredient: Base-change property

Proposition 1. Reduction mod pen define

Ho(tr(),w*)**/pmk HO(Tatow*I).

Roof. We have R Few,x(w=0) =0,
sm: Jotorno, mine

=>O - M+/WE8I)EM(m+(wE*I)
-> rn,+(w1m) -> 0

exact reg. of sheaves on Jo
tor

Taking global rection during Tomi (E) affine
gives the salt (



58. Semi-ordinary projector

Proposition 2 The limit
eso = him to

e

converges in HOSTofWII) and in 20

Roof. Let Sm > H0(or,wIOI).

and take a HOTm"
for

(EJ,wEI) lift. ofm

=>for ex0, BEPC HO)Titor, wEtetcrp-*I)
f

M+ez(p-(k"Kon)

↑himor exist thee

Since FET = T modpm, first part follows



for 23 ETS eso exists in every Vnm
and this follows from

&HO(stor, WEI)*8 ->(timetamiN)I
d

↑
r!

himup exist these

with dense image W

Important note. By Coleman theory, given 8x0

dimeso M(kgkpin) for E =(tt tjt)
with tt xb

is uniformly bounded,
and the above argument whoclimpesot(5otoI

sintirotoansy( &Vt

appliedto us... Elde.i.in8.10,
t



Corollary 1 for any (t)cTrolp),

80*8/s/kttT
ip-tortion free.

Roof. We have *Contryagie

(0
*

Oas/so/tt)
dual

I

tim AmesoVimCtt-

↑E↑byraPrioraninto
him timeso HPToitw*I)

Cy Prop. 1) ↑E

Emeso HYTawEI)O*/
:divisible. B



Corollary 1 For any max's ideal mc
/
so,

dim(5.0mM,Mso/(p,TY,Tt) <N
(VsoE TpDTT-D)

Roof. We have

75081s/(p,++)
I

hmtm eso HOITaow+
*I) (p)

en"contraction property) () (for any cultan in
(

limeso H0(5stow+ *I)<p]

(b)up.1) 1
eso H0(5otow**)

. :finite-dim't/Ip (



54. Proof of Theorem

Part (1): Fix mc [so any maximal ideal

=is 80= free of finite ranko

By Cor. 2

dim75,avso/(p,+5+)) -0

->d= Spannso(..stde

Supp. anft... + adfa =0(ai -Ns).

by Cor. 1c

50 On Uso/vult,the m

is p.torsion free V(t) +Tso() w/ ket,t)

and from, 7r.*Onso/kult()) *L4/p7
=lFpd



=>80t8Xso/att) E(p
e

=>as .... adtfkn(tO

:50= finite free/No

Part (2): From part (1),

Moso/kit

p-divisibleHouKLMENeesonOmItaArch
=tim limesoVaStE].



VCt+E)
↑art (8): By part (C), -

EtogivenOf-it, temledding
in

Anameto
is isomorphism 1)- as in Cor. 1

for [x-tt.

time HO(5i,3owI)
&
p-torsion free

=>dimEN3o(t+E]Δ(Y/px)
It as in cord.

dimApesoHO(TiOrwEI)
1)a bbase-change property + p.torsion free

dimopeso H015,Ptor(), wEI) & Op
!
d



=>v3o(t+ t-] =<p&

Finally, show dimeso ME(KPKpn) <, oh for tx-t

by multiplying a basis of V.Ctt] by E.(odet
~uitable

ur. Heckechan
of K.

#


