
Lecture C8 'Proof of signed Main Conjectures"

First day: For EIR elliptic nuve, condE = N

p-IN superingular prime with ap = 0

K/Q ritable imag.guadr. field,

we showed:

· Kobayashi's Main Conj->
P-part of BSP formula

in rank - 1

p-converse· Signed HeegnerPointin to Grows-Eagier & Kolyvagin.

*

day: Explain how

(
↑Main Theorem

"

(E Kobayashi's Main Conj.
&

in xin's first talk
Signed Heegner Point

Main Conj.



Recall:

"Main Theorem"

Let FtSelfolN), p+2N prime,

K/2 image quad. field where p- 850 splits

Suppose:
(i) Nis 0-free

(ii) 59lIN non-split in K

(iii) If Nis odd, then 2 splitsinK
(iv) Eslok abs. irred.

Then

lengthp Xo(As/ka) <,ordp(g(As/k)
↓BCNkht1 prime

with BIBork for some
Boc/



Here:
· Ag = 6Le-type ab.van/ arrow to f

(we'll take fr.t. AgvE).

·

Ymesof s
relaxed condition at w/s

has
-rict condition at WIE

· Co(As(k) = Twg(<gs,3) made primitive.
-Nk

S1. Two variable signed Main Conj.

KR imag.guade. Where p =0 50 splits
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cy(

Ka

IKa
↑
3c

pas
K SkE7*

KQd

K



B.B. Kim: 7 four dorbly-signed telmer gps

set*(E/(a):=kn/Selpo/Eka) -> E(<m,x) 800Et(ka,y)

xE(Ko,5) @Qp/(p I=(ka,j)

Loeffler: 5 for doubly-signed padic L-fns

2
x+

(E(k), ...,Cp(E(k) cN

decomparing four unbounded distributions

Ca.S((k), . . . . Cp**(E/k) -> QpRQx
- (6,5 = Fp).

corstructed wing generalized Mazor-Tate elt
for Ghe/K.



f
ecture (6.-8. Kim).

*E(E(<d):= Sel**(E/Ka) is Nistortion,
with

chara, X**(E(ka) =(Cy*(E(k)).

S2. Belinson-Flack classes

Theorem (after,Lei-Lonfler-zeroes
For each 1, Me 99,23,
=>e-variable Deiliion-Flack class

**c HEwPo,TpE) @pΔS>D
together with 2 "Explicit Reciprocity Laws":



CERLI) reeglONN) IN CAMIE/K) (Loefflers

<2PR) -),wg*4/m)

(EBC2) neg IOED),gR ColESK) (omPaieTheorem

his Co*W(M)
=: LogM↑

anti-cyce. Katz
↑f follows from OF classes over Ba

assoc. to 509)r
CM Hida family w/ 9

1
= Eis (1, Miel

↓a result of Burungate-Skinner-Tian

Vgs E FidT* vniv.chaacter
forK8/K
I

↓the ERLs max's subext. OKa
in Kingr-Loeffler-zeroes - where pirour.



wan:5 Up-module isomorphism
F HYE

(3) CotF: HEKo,ocTpES] ExUk
- HECKo,p,TpE)I

exact annihilator

of E(Ka,5)
~nder localTate
duality

(2) Log: HIKousTpE) FNk

S.

Kot= Mosofe
a KosE = M10s.0(

1)boveded OF clares BFFtHEw/Ko,TpE)



sto

lOt) = Mog.o().

Corollary 1.

(ERL1) 'Colt(resz(NFt)) =C*((K).

(ERLz)Gogt(reso/BF+) =Co(E/K).
his CoreLogt

Corollary 2 For any ht 1 prime BC/k, TFAE:

#)ltp X++(E/Ko >,ordpC**(E/K).

(2) etpXTco(E16a)>, etp(5ptcrello,TE
(8)ltp Xol/Kn) ,ordpColE/K).



Roof. Immediate from Cor. 1+ double application
of Poitor-Tate duality:

Nk/(2+(E(()
*I via (ERLS)
*pE)
- X++(E/(d)

(resz(BF+)
a

resp

Sp
0-

~

t,rel(Ko,TpE) x++(E(k)s0
(BF+)

&

respo
-

HilKaoTE) -eXE/Kn
(rp(BF+)
=Ivia (ERLe)' *

E/ka)

Xk/(apE(1)) #



-8. Proof of Kobayashi's Main Conj.

Abefore, Ela elliptic uve, cond= N

p+ 2N supersingular with ap = 0.

Theorem (Wan),

Support E is remintable (i.e., Nirt-free).
Then Kobayashir Main Conj. holder

Roof. By Rifet's level lowering results,
=>odd prime qUIN r.t. ECp] ramif. at 9.

Choose K2 imag. grade. St.

· p
=p5 3

·

every prime e/INA
splits in K

· f inert in K.



By "MainThen" + C00. 2

etx++ (E/Ka) >,ordpC
*
(E(K)

*Bolkht 1 prime
with B+BoNK for some

Po'.

Brt mIC(E(K) (pac) =0 by Pollack-Weston
a Vatral

so above - holds UBCNkht 1 prime

- chary(x++(E((*)/(a-1) = charn(x+(E/(d)
descend

x charn(x+(E***a).
H

t(y)

&Cp++(E/K) mod (31)

(CpTIE.ClEK)
# Kobayashir Main Conj. holds. E

Kobayashi's
opposite div. For EXER



S4. Proof of Signed Heegner Point Main Conj.

Let EIR a ptIN as in $8,

and K/Qimag. grade. field

satisfying Heegner hypothesis
a st.p =p splits in K.

Theorem (C. -Wan)

Suppose:
(i) E is semintable

(ii) 7 GlIN non-split in K.

(iii) If Nis odd, then 2 splits in K.

Then the signed Heegner Point Main Conj. holder



&of. By the "Main Theorem"

etpXylE(K) ,ordpCp(/)
*Bolkht 1 prime
with B+BoNK for some

Po'.
But comparing interpolations:

ColE(k) I pac =CODP/E/K) up to units.

iam =0 (Hrich, Burrogate
=>above), holds Uyolkht1 prime.

->charac (Xo(/k*/(3:3)
descendthen

(cP(E))



by an extension of POP's formula:

Log-(rep(ka) =CBPPE/k)

=>chaa(X+(E/ktor]
double applic 18
↓ Poitor-Tate

charac (pt(k,TpE)*duality

(k)
(

# Signed Heegner Point Main Conj. holder. O

Kolyragic system
argument

↓set opposite div.


