DISTINGUISH NEWFORMS VIA THEIR PRIME DIVISORS
WEI WANG AND CHUANGXUN CHENG

ABSTRACT. Given two non-CM newforms with integral Fourier coefficients, in this paper
we study the number of distinct prime divisors of their Fourier coefficients via probability
method. Based on a recent result of El-Baz, Loughran and Sofos, using the Galois represen-
tations attached to newforms and the effective Chebotarev’s density theorem, and assuming
the generalized Riemann hypothesis, we show that the distribution of the number of dis-
tinct primes dividing the Fourier coefficients behaves like the standard multivariate normal
distribution if these newforms are not twists of each other. As a consequence, we prove a
multiplicity one result for modular forms under the generalized Riemann hypothesis.

1. INTRODUCTION

The Erdos-Kac theorem provides a splendid connection between probability theory and
number theory. It states that, if denote by w(n) the number of distinct prime divisors of n,
then the random variables

w(n) —loglogn

Vloglogn

defined on the set of natural numbers less than x, as x goes to infinity converge in distribution
to the standard normal distribution. More precisely, for any a € R,

.1 w(n) — loglogn 1 /O‘ 2
1 — < : — = T /2d )
200 ZL‘# {n = log logn = Glo) V21 J - ‘ !

Erdés and Kac’s proof is based on the central limit theorem and sieve methods [6]. They
provide a method to study the properties of arithmetic functions by studying their statistical
properties. Since then, various generalizations of the Erdés-Kac theorem have been studied
by many mathematicians (for example see [5,7]).

R. Murty and K. Murty proved a modular analogue of the Erdés-Kac theorem [11]. Let
7(n) denote the Ramanujan 7-function, assuming the Riemann hypothesis for all Dedekind
zeta functions of number fields (GRH), they proved that

L1 . w (7(p)) — loglogp 3
wginoo% {pgzx. 7(p) # 0 and JosTons <a} = G(a).

Liu proved another prime analogue of the Erdés-Kac theorem regarding elliptic curves [8].
Let E be a non-CM elliptic curve defined over Q. For a prime p of good reduction, denote
by E(F,) the set of rational points defined over the finite field F,, under GRH Liu proved
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WHE (F,) ~loglogp _ | _ .
Vvl1oglogp < } Gla).

In a recent paper [10], El-Baz, Loughran and Sofos generalized the work of predecessors and
established a multivariate version of the Erdds-Kac theorem. Roughly speaking, if a family
of integer sequences satisfies certain hypotheses, the number of distinct prime divisors of
these sequences has a probabilistic behavior which fits a multivariate normal distribution.
El-Baz, Loughran and Sofos used their result to study the distributions of integral points on
varieties.

Applying the result of El-Baz, Loughran, Sofos and generalizing the works of R. Murty,
K. Murty and Liu, in this paper we establish some results regarding two or more modular
forms which are not twists of each other. The main result of this paper is the following.

1
lim —— {p < x: pis of good reduction and

Theorem 1. Let f € S, (I'o(Ny)) and h € Sk, (Lo(Ny)) be two non-CM newforms with
integral Fourier coefficients a,(f) and a,(h), respectively of weights at least 2. Moreover
we assume that f is not a twist of h, i.e. there exists no Dirichlet character x such that
f=h®x. Let F\(z,y), Fs(z,y) be two bivariate polynomials with integral coefficients which
have the form of ax +r(y), a # 0. Let

T:= {p is a prime : Fy (ap(f) F1= 1) # 0 and Fy (ap( ), pM 1) #* O}

For every x > 1, denote by T, the subset of T consisting of elements less than x. Then under
GRH,

lim # el w(F (a)(f)p" ) <w (B (a(h), )} =

In a word, one can distinguish newforms by the number of distinct primes dividing the
Fourier coefficients. In particular, given two non-isogenous non-CM elliptic curves E; and
E, over Q, by the modularity theorem [2] and the above result with [} = F» =y + 1 — =z,
we have the following corollary.

Corollary 2. If F is not a quadratic twist of Fs, then under GRH,

lim L# {p <z :p is of good reduction and w (#E1(F,)) < w (#E»(F,))} = %

T—+00 7T( )

This paper is organized as follows. El-Baz, Loughran and Sofos’ theorem is briefly reviewed
in Section 2. In Section 3, we use the Galois representations attached to newforms and the
effective Chebotarev density theorem to prove Theorem 1 by applying El-Baz, Loughran and
Sofos’ result. Finally Section 4 contains some examples and generalizations of Theorem 1.

Notation. Let D be a subset of C and let f, g be two complex-valued map defined on D.

If g(z) is positive and there is a constant C' such that |f(z)| < Cg(z) for all z € D, we

write either f(z) < g(z) or f(z) = O(g(x)). In the case that D is unbounded, we will

write f(z) = o (g(x)) if lim, .~ zep f(2)/g(x) = 0. Throughout this paper, 7(z) denotes the

number of primes less than x; p, ¢ denote prime numbers; ki, ko denote integers at least 2.
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2. PRELIMINARIES

In this section, we reformulate El-Baz, Loughran and Sofos’ result in a concise form which
is sufficient for our application. Let T be an infinite subset of N. For every x > 1, denote
by T the subset of T' consisting of elements less than x. Given a family of integer sequences
{ai(n) }1<i<mmer, we have the following conditions.

C1.

C2.

C3.

C4.

(3)

The sequences have polynomial growth, in other words, there exists a constant d > 0
such that a;(n) = O (nd) for all n. Note that this condition is stronger than the condition
appeared in [10, (2.7)].

For each m-tuple of square-free integers (dy, ..., dy,), write

1

R(dy,...,dp;x) = T

#{neT,:di|a(n),...,dn|an(n)}.

Then there exist two functions ¢ and e such that
R(dy,...,dpm;x) = g(dy,...,dy) +eldy, ... dy;T)

for all m-tuples of square-free integers (dy, . . ., d,,) whose prime divisors are greater than
a given constant P. The function g should possess a multiplicative property, that is to
say

g(albh Ce 7ambm) = g(ah e ,O,m)g<b1, Ce ,bm) if ng(CLlCLQ c Uy, b1b2 s bm) =1.
Let y = 27'@®), F(z) = logloglog z/+/loglog x, then for all v > 0,

Z/ le(dy, ..., dm; )] = O ((loglogz) ™) ,

where Z/ runs through all m-tuples of square-free integers (di, ..., d,,) which satisfy
that the prime divisors of d; are greater than P and d; < y for every 1.
For each 1 <17,7 < n, let

gi(d) ::g(l,...,l,ch,l,...,l) and g; ;(d) ::g(l,...,1,?,1,...,1,?,1,...,1).

[3 7 J
Then for every 1 < i <m,

1 / 1
2(0) = (0) = ¢; log1 .
E g:(0)=0 (logx> and E gi(0) = ¢iloglogx + ¢; + O (ng)

>z <z

for some ¢; > 0, ¢; € R. Moreover for every 1 <i,j <m, i # j,
ng(@ < +00.
¢

Note that this condition implies that the covariance matrix in [10, (2.11)] is trivial.

For each integer > 0, define a uniform measure P, on 7" as follows. For any subset A of
T, define the probability measure:

1
T |

P,(A) = #{n <z :ne A},
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then equipping with the discrete o-algebra, T" becomes a probability space. Define the
random vector K, : T — R" via

K ~ {w(ai(n)) = ciloglogx w (am(n)) — cmloglog
o(n) = ( Ve loglog @ Y Ve loglog @ ) '

Recall that a sequence of R™-valued random vectors (X,,),>; converges in distribution to
X if the distribution functions of (X,,),>1 converge to the distribution function F' of X for
all continuous points of F, it is equivalent to saying that P,[X, € A] — P[X € A] for all
Borel sets A C R™ with P[X € 0A] =0 (cf. [1, p.26]).

The result of [10, Theorem 2.1] claims the convergence of the above random vectors.

Theorem 3. If the family of sequences {a;(n) }1<i<mner satisfies C1, C2, C3 and C4, then
the random vectors

(T,P,) = R™: n— K,(n),
converge in distribution as x — +oo to the standard multivariate normal distribution.

Remark 1. Although in the statement of [10] ¢ is defined on all N, from El-Baz, Loughran
and Sofos’ proof it is enough to assume that the support of g is the set of vectors (dy, . .., dpn)
with square-free entries whose prime divisors are greater than P.

Remark 2. In order that the error function satisfies condition (1), it suffices to check the
following stronger condition: there exist constants k,d > 0 such that

(4) e(d, ... dp;x) = O ((dy -+~ d)*z™) .
Indeed, if inequality (4) holds, then

ey, dmiz)| <20 (dy-- e diy)”
< x—éz ymk < $—6ymk+m < [L'_(S,

where Z/ runs through all m-tuples of square-free integers (dy, . .., d,,) such that d; < y and
p | d; = p > P. The last inequality holds since y = o(z*) for any € > 0.

Remark 3. If the family of sequences {a;(n)}i<i<mner satisfies C1, C2, C3 and C4, by
Theorem 3 we have the following Erdos-Kac type theorem: for any Borel set A C R™,

lim 1 wloer . w(ai(n)) —a logloga:7“.’w(am(n)) — ¢y loglog x c A
z—rto0 | T Ve loglogx Ve loglog x
1 1.2 2
- g (@A) gL
CORE /Ae 1 e
Moreover if ¢; = --- = ¢, and A = {(z1,...,2) ER™ 1 2y < -+ <z, }, we have
1 1
xl_lgloo ’Tm|#{n eT,:w(a(n) < - <wlann))} = puk

3. PROOF OF THEOREM 1

To simplify the notation, we illustrate the result for two newforms. In this section, we
choose the elements of the sequences in Section 2 to be the Fourier coefficients of certain
newforms. We then check that these sequences satisfy all the conditions in Section 2, then

by Theorem 3 and Remark 3 we get the desired result.
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3.1. Images of Galois representations. Let f = > > a,(f)¢" € Z[q] N Sk, (Fo(Ny))

n=14
be a newform which does not have complex multiplication (non-CM, for short). Ribet has

pointed out in [12, Remark 2| that for a non-CM newform with integral Fourier coefficients,
the Nebentypus character associated to it must be trivial. Since S (I'o(N), x) = 0 unless
x(—=1) = (=1)*, our conditions entail that the weight is even.

Following the construction of Shimura and Deligne (cf. [3]), attached to f, there exists an
(-adic Galois representation ps, : Gal(Q/Q) — GLy(Z,) which is unramified outside ¢N;.
Composing with the natural projection GLy(Zy) — GLo(Z/{Z), we obtain a mod ¢ Galois
representation p;, such that for any p { £Ny,

tr p;, (Frob,) = a,(f) mod ¢ and detp;, (Frob,) = "~ mod /.

By Ribet’s work [13], the image of the mod ¢ representations can be well described. For any
sufficiently large prime £, the image of p;, is

G(0,1) == {u € GLy(Z/(Z) : detu = v*~" for some v € (Z/(Z)*} .

Let h =3 7 a,(h)g" € Z[q] N Sk, (To(N4)) be another non-CM newform, and we assume
that there is no Dlrlchlet character y such that f = h ® y. Loeffler described the image of
the adelic Galios representation p; x pj,, and he proved that the image of the adelic Galios
representation is open in the sense of [9, Theorem 3.4.1]. For sufficiently large primes ¢ and
¢, consider the direct sum

Doy = Pre© Poy - Gal(Q/Q) — GLo(Z/(Z) x GLo(Z/{ 7).

If ¢ = ¢, Loeffler’s result implies that the image of Doy 18

—_y (ur,u2) € GLo(Z/lZ) x GLo(Z/lZ) -
(60):= detu; = v™ !, detuy = v*2~! for some v € (Z/(Z)*

If ¢ # (', by Loeffler’s result again, the image of Doy 18

(uy,us) € GLy(Z/UZ) x GLQ(Z/é’Z)-
detuy = vF71 det uy = v527! for some v, € (Z/0Z)* and vy € (ZJ(Z)* |
For two square-free integers d,dy, if their prime factorizations are d; = p;---p, and
ds = q1 - - qs, consider
Paidy = Prpy @ D Prp, D Py @D Py,

Without loss of generality, we write dy = LP,dy = LQ, ged(P, Q) = 1. By Loeffler’s result
and the Chinese remainder theorem, the image of p, 4, is

(us, uz,ug,m) € GLy(Z/LZ) x GLy(Z/LZ) x GLy(Z/PZ) x GLy(Z/QZ) :
detu; = o™~ detuy = o™~ for some a € (Z/LZ)*,
det ug = M1 for some B € (Z/PZ)*,
det uy = y*~! for some v € (Z/QZ)*
5
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3.2. Chebotarev’s density theorem. To gain the arithmetic information from the Galois
representations, we need the effective Chebotarev’s density theorem. The following version
of Chebotarev’s density theorem is from Serre [14, Théoreme 4].

Theorem 4. Let K/Q be a finite Galois extension of number fields with Galois group G.
Let C be a subset of G which is stable under conjugation, and let Frob, be the Frobenius
element at an unramified prime p. Denote by nc(x) the set of primes p unramified in K for
which Frob, € C and p < x. Assuming that the Dedekind zeta function (k(s) satisfies the
Riemann Hypothesis, then

C 1 (logd
mo(z) = %ﬂ'(%) +0 <|C’\x2 < O;gLKK + logx)) :

where di and nk are the discriminant and the degree of the extension K/Q, respectively.

The following estimate is useful in our computation:
(5) logdg < (nx —1) Z log p + ng|P(K)|log nk,
peEP(K)

where P(K) denotes the set of ramified primes [14, Proposition 6].
We follow the notation in Section 3.1. Given two bivariate polynomials F}, F, with integral

coefficients, and for two square-free integers di, dy whose prime divisors are large enough,
define
Fl(tl' ul,det ul) = O, Fl(tI' U3,d€tU3) =0
C(dy,ds) = , Ug, U3, € G(dy,ds) : )
(dr, d>) {(ul iz, U, Ua) (dr, d>) Fy(tr ug, det ug) = 0, Fy(tr uy, det uy) = 0}
It is a subset of G(dy, ds) which is stable under conjugation.
Applying the effective Chebotarev’s density theorem for the fixed field of ker p,, 4,, we get

% {p<z:di|F(ap(f),p" ") and do | Fs (ap(h),p™7")}

_ |C(dy, do)|
|G(dy, do)|
Let g(dy,ds) := |C(dy,d2)|/|G(d1,d2)|. The multiplicativity of g follows from the isomor-
phism G(did}, dody) =2 G(dy, ds) x G(dy, dy) for ged(dydy, dydy) = 1.
For the remainder term, the degree of the extension is O ((d;ds)*) (cf. Lemma 5), by
inequality (5) we have

+ e(dl, dg, .Z')

w(2)e(dy, do; ) = O ((d1d2)4x% log ((d1d2)5Nhoa:)> .

So for some € > 0,
G(dl, dg, LL’) = O (<d1d2)5$€7%) .

Remark 4. Note that the above error estimation has a similar form with condition (4).
Rather, according to Remark 2, a quasi-GRH, which assumes that the associated zeta func-
tions have no zero in the region Re(s) > § for some § € (%, 1), is sufficient for our purpose,
while it seem as difficult as the original GRH. It is a valuable challenge to seek an uncondi-
tional proof of inequality (1).
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3.3. Calculate conjugacy classes. In this section, we verify the conditions (2) (3) in some
special cases. Throughout this section, we keep the notation in Section 3.2.

Lemma 5. Let 6 = ged({ —1,k; — 1) and d = ged(¢ — 1, k1 — 1, ko — 1), then for sufficiently
large prime £,

(0= 1)20(0 +1)
5

Proof. The first assertion follows from the exact sequence

(0 —1)32(0 + 1)?

G, 1) = —

and |G(¢,0)] =
1 — SLy(Fy) — G(£,1) — F}° — 1.
Similarly, we have the exact sequence
1 — SLy(Fy) x SLy(Fy) — G(¢,0) — D — 1,
where D = {(v*~1,v*71) 1 v € F;}. The order of D can be calculated from
1= (g7) —TF £ D1,
where g is a generator of F} and ¢ is given by v — (v"~1 v*71) so

-1
Dl =——
| ‘ d Y
the lemma follows. O

Lemma 6. Let ¢ be an odd prime. For givent € F, and d € F},

2_y4
#{u € GLy(Fy) : tr u =t, detu =d} = (> + (t / d)é,

where (Z) denotes the Legendre symbol modulo £.

Proof. This follows easily from the following table.

TABLE 1. conjugacy classes of GLy(IFy)

Representative No. of elements in each class No. of classes  tr? — 4 det

z 0

0 1 (-1 0

rz 1 9

0 =z 0z —1 (-1 0

' 2 24 (C—10)(—-2)/2 (x—y)

T &y 2 _ 2
(y . ) -7 0—1)/2 4ey

¢ is a quadratic nonresidue (mod ¢)



Lemma 7. For every § | ki — 1, define
Ls={¢:ged(ky — 1,0 —1) =0}.

Given a bivariate polynomial Fy(z,y) with integral coefficients, for every sufficiently large
e Lg, let

Np, (0) = {(2,y) € Fe x F;° : Fy(z,y) =0}.
Assuming that there exist constants € € (0,1] and cs € Rsg such that
#Np, (0) = csl + O,
then
055

g(t.1) ==+ 0 (0717,

and there exist constants ¢; € Reg and ¢ € R such that

) 1 B : 1
Zg(ﬁ,l) —O(logx and Zg(f,l)_clloglogx—kc +0 gz )

>z <z

Proof. According to Lemma 6, we have
|C(£,1)] = # {u € GLy(F,) : Fi(tr u,detu) =0, detu € F;°}
= Z #{u € GLy(Fy) : tr u = x, detu =y}

(xvy)eNFl (f)

= CHNR (O +0 > x2_4y>

14

— Bes + O(5).
By Lemma 5, |G(¢,1)| = ¢*/5 + O(¢3), hence

c50
g(0,1) = % +O (77, e L.
The first assertion follows easily from the Euler summation formula.
To check that g(¢,1) has average order cloglogz, we need the Mertens’ theorem for
arithmetic progressions [15]: for any integer m > 1 and integer a which is coprime with m,

there exists a constant ¢, , such that

1 1 1
- = log1
Z [ o) oglogx + ¢y 0 + O (1ng> ,

L<z L=a(m)

where ¢(m) denotes Euler’s totient function. If a is not coprime with m, the above sum is
bounded as z varies. Note that the set {n € N: ged(n — 1,k — 1) = ¢} can be divided into
disjoint arithmetic progressions modulo k; — 1, so there exist constants oy, s such that

1 1
Z - =agloglogx + Bs + O .
l log x

(<x lELs
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Then we have

Yo=Y > gt

<z dlk1—1¢<zlcLs

=) > %+0(1)

(5‘](?1—1 (<xz lELs

/ 1
= Z csaso | loglogx + ¢ —i—O( >
log

Slki—1

Lemma 8. For every d | ged(ky — 1, ky — 1), define
Pr={:ged(ky — 1,ks — 1,0 — 1) = d}.

Given two bivariate polynomials Fy(x,y), Fo(x,y) with integral coefficients, for every suffi-
ciently large £ € Py, let

Nrm(0) = {(z1,22,y1,92) € Fe xFo x Dt Fi(wi,y;) =0, i =1,2}.
Assuming that there exist constants € € (0,1] and cq € R such that
(6) #Np R, (0) = cal + 0(61_6%

then
> gl 0) < +oo.
l

Proof. For any ¢ € Py, by Lemma 6 we have

Fi(tr uy,detuy) =0,

Fy(tr ug, det ug) = 0,
tr uy = 29

}# {uQ € GLy(Fy) : }

det us = yo

|C(C,0)] = # {(Ul,U2> € GLy(Fy) x GLo(IFy) : (det uy,detug) € D}

tr Uy = I

detuy =11

= Z # {ul € GLQ(F[) .
)

(w4,9i)ENFy 7y (£
= ("#Npy 1, (0) + O(0Y)
= (Pcq + O(L77°).
By Lemma 5, |G(¢,¢)| = ¢7/d + O((%), we have

d
9(0.0) = Z-+0 (€77 for L€ P,
Hence
Sarn= Y Y sn<Y b
<z d|(k—1,k' 1) <z leP, £<x
the last series converges, which completes the proof. 0]

Lemma 9. If Fi(z,y) and Fy(z,y) have the form of ax + r(y), a € Z \ {0}, r(y) € Z[y],
then conditions (2) (3) are satisfied and the constants c1,cy in condition (2) are equal to 1.
9



Proof. For sufficiently large ¢, ax +7(y) =0 mod £ if and only if z = —a~'r(y) mod ¢. For
any § | k—1, ¢ € Ly,

#Ng, (0) = Z # {x cF,:z= —aflrl(y)}

y€er;®
-1
SPIREL
)
y€er;?

By Lemma 7, g(¢,1) = £7' + O({7?) for all sufficiently large ¢ and in the same manner
g(1,¢) = 71+ O(£~2). Therefore condition (2) follows from the Mertens’ theorem. Similarly
forany d | (k— 1,k — 1), ¢ € Py,

HNe () = > #{(r1,22) €Fy x Fy: a1 = —ay'mi(y1), 22 = —ay 'ra(y2) }

(y1,y2)€D
‘-1
fry 1 = —
2 i
(y1,y2)€D
this calculation combined with Lemma 8 completes the proof. 0

3.4. Conclusion. The polynomial growth condition C1 follows from Ramanujan’s bound [4,
Théoreme(8.2)]. We have checked the multiplicativity of g and the error condition in Section
3.2, then combined with Lemma 9, all the conditions C1-C4 have been verified. Theorem 1
then follows from Theorem 3 and Remark 3.

4. REMARKS AND GENERALIZATIONS

4.1. Examples. Let f and h be two newforms as in Theorem 1 and assuming that the
generalized Riemann hypothesis is true for all Dedekind zeta functions of number fields. We
choose I} = F, = x,y — x + 1, respectively. Then by Theorem 1, we have

lim L3‘% {p < ap(f)7ap<h) #0, w (ap<f>) <w (ap(h>)} = 1

z—r+o00 T (1) 2’

A ﬁ# P<apt NN w ("7 = ap()) +1) <w (07" —ap(h) +1) } =

1
5
We give an example in which the polynomials are not of the form az + r(y). Take F} =
Fy = 2% — y and write ¢; = ged(¢ — 1,k; — 1). Since k; is even, we have

. -1
INe, ()] = #{(z,y) e Py x T’ 1 2? =y} = :

0i
Let D = {(vM~1 v*271) . v € F}}, then
|Nry py (0 =# { (21,22, y1,92) €EFy x Fy x D22} =y1, x5 =y}

-2, (e (@) (1 (7)) e

(y1 7y2)€D

By Theorem 3, Remark 3, Lemma 7 and Lemma 8, we conclude that

lim ——#{p<z:pt NNu, w(ae(f)) <wlaph)} =

1
o—r+o0 (1) 2’
10



4.2. Multiplicity one. We describe the above phenomena more precisely. Take F} = F, =
x as an example, Theorem 3 states that the following two random variables

w (ay(f)) —loglogx w(a,(h)) — loglogx
< Vloglog x ’ VlIoglog x )

behave like two independent normally distributed random variables when x goes to infinity,
so the random variables

w (ap(f)) — w (ap(h))

vloglog x
converge in distribution to a difference of two independent standard normal distributions,
i.e. a normal distribution with mean 0 and variance 2. Hence for any € > 0,

Rx(p) =

L D PRSP T 1)) Bt (0) [ B W o
i oyt (<) 0, B> of o [ et

This implies that for any constant C' > 0, the set
{p:ap(f),ap(h) # 0, w(ay(f)) —w(ap(h))| = C}

has natural density 1. In other words, we have the following result.

Proposition 10. Let f € Sy, (I'o(Ny)) and h € Sk, (I'o(Ny)) be two non-CM newforms with
integral Fourier coefficients a,(f) and a,(h), respectively of weights at least 2. If for some
constant C' > 0,

limsup ——{p : ay(f). ay(h) £ 0, [ (a,(f)) — w (a,(h)]| < C} >0,

z—+oo T (J7>

then assuming GRH, there exists a Dirichlet character x such that f = h ® Y.

4.3. On m newforms. Loeffler pointed out that the open image theorem also holds for
three or more newforms which are not twists of each other (see [9, Theorem 3.4.2]). Similar
arguments can be applied to these newforms and we have the following generalization.

Theorem 11. Let fi,..., f,, be a family of non-CM newforms with integral Fourier coef-
ficients a,(f1), ..., a,(fm) of weights ki, ..., kn > 2, respectively. Let Fy(x,y),. .., Fn(z,y)
be bivariate polynomials with integral coefficients which have the form of ax + r(y), a # 0.
For every x > 0, let

T, = {p <wx: Fylay(f;),p" ) #0,i=1,... ,m} )
For simplicity of notation, we write w; instead of w (Fi(ap(fl-),pki_l)). Assuming GRH, then
either

e there is a Dirichlet character x such that f; = f; ® x for some i # j;
e or for any permutation o € S,

i 1
1m -——
T—+00 |Tw|

1

#{peTx5 wa(1)<"'<w0(m)}:ﬁ.

11



4.4. On combinations of newforms. Let f € Sg, (I'o(V1)) be a cusp form such that

(i) f = >, aif;, where each f; is a non-CM newform with integral Fourier coefficients
and a;, € Z \ {0}.

(ii) For i # j, there exists no Dirichlet character x such that f; = f; ® x.
It is worth pointing out that the eigenform f; is not necessary a newform at level Ny, it
may be a newform of S, (I'o(M)), where M | Ni. Let h € Si,(I'o(N3)) be another cusp
form satisfying the above conditions, write h as a sum of distinct newforms: h = Z?:l bih;.
We further assume that there exists no Dirichlet character x such that f; = h; ® x for
1<i<m,1 <5 <n. Forevery z > 0, let

T, ={p<x: a,(f)#0and a,(h) #0}.
Proposition 12. With the above notation, under GRH, for any constant C > 0,

im — #{peTh: |wlay(f)) —wla(h)]>C}= 1.

Tr—400 |Tz|

Proof. The strategy is the same as the proof of Theorem 1, we sketch the proof in the
following. We need to check that the pair (a,(f),a,(h)) satisfies C1, C2, C3 and C4 in
Section 2. The polynomial growth condition is obvious. For two square-free integers d, do
with sufficiently large prime divisors , we consider the Galios representation

Py dy = EB Pty X @ Phyds-
1<i<m 1<j<n
The image of p,, 4, is well described by Loeffler’s theorem. It has a similar form with G(d, d»)
in Section 3.1, denote by G(di,d>) the image of p,, 4,. Without loss of generality, we write

dy = LP,dy = LQ,ged(P,Q) = 1, then é(dl, dy) is the direct product of the following two
groups:

_ (U, .. U, v1,- .. v) € || GLa(Z/LZ) x T] GLo2(Z/LZ) -
L. 1) - 11 1l |

Vi, j, detu; = o™t detv; = o™ for some o € (Z/LZ)*
\
(

(wr, - U, v, 0n) € [ [ GLa(Z/PZ) x | [ GL2(Z/QZ) -
i=1 Jj=1

G(P,Q) =
Q) Vi, detwu; = o~ for some o € (Z/PZ)*,

| V4, detv; = 8%~ for some 8 € (Z/QZ)*
By the Chebotarev’s density theorem, we have

1C(dy,dy)| -

L p<eidaf), d|ay(h)} = b E(dy, dy: 7).

m(x) G (dy, dy)]
where C (dy,ds) is the union of the conjugacy classes of é(dl, dy) whose elements satisfy a
trace zero condition. For example, if ged(dy, dy) = 1 or dy = da, then
6(d1,d2) = {(Ul, vy U, V1, . . ,Un) € G(dl,dg) : Zaitrui =0, ijtrvj = 0} .
=1 j=1
12



Let §(dy, dy) == |C(dy, d3)|/|G(dy, d3)|, according to our construction, the multiplicativity
of g is obvious. Under GRH, the error condition (4) is satisfied. We need to check condtions
(2) and (3). We claim that for any sufficiently large ¢,

~ 1 1 - 1 1
g(¢,1) = E+O (ﬁ) and g(1,¢) = Z+O (ﬁ_Q)

The proof runs as in that of Lemma 7. Let 6 = (¢ — 1,k; — 1), the order of

G(0,1) = {(ul, cey Upy) € HGLQ(Fg) Vi, detu; = a7l o€ IE'Z}

i=1
is (3m+1 /5 + O(£*™). It remains to calculate the order of C'(¢,1). Note that the order of
N ={(z1,...,xm) €EFyx -+ xFyp:ayzy + -+ + amxy, =0}
is (1 Let A= {(vM~ 1 .. 0oMTh) 0 v € Fy}, we have

C(6,1)] = #{(ul,...,um) € G(01) s artrur + - + b1 Uy = o}
= Z Z H #{u; € GLy(Fy) : tr u; = x;, detw; = y;}

(@1 yeees@im ) EN(€) (Y15evesym ) EA 1K<

- Y X (o)

($17---7xm)6N(£) (yla---vym)eA
— €3m/5 + O (ESm—l) ]

Similar calculation holds for g(1,¢) and the claim follows. Using the same argument as
before, we have

|é(£7 €)| _ €3m+3n+1/d +0 (£3m+3n) and \5(6, m _ €3m+3n71/d +0 (£3m+3n72) ’
where d = ged (k1 — 1,k2 — 1,£ —1). Hence

> Gt 0) < 400,
¢
and this finishes the proof. 0J
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