
 

Lecture 4 Moduliofellipticcurves Geometricmodularforms

1 Moduliofelliptic curves
Recall Anelliptic ane E over 0 takestheformof Ela d.tl z ze

But Tef is uniquelydetermineduptotheactionof5412
TheoremI AssumeN 4 Y N isthemodulispaceofellipticcurveswith an Ntorsionpoint

notimportantherebutwillseeynthat is thereexists Emituniversalelliptic are formanyreference
zonation

s It togetherwith inniv Nz EEN

Y n Y an embeddingofgroupscheme
sit foreveryQ schemes togetherwithan elliptic anne Else an embedding i Ia gE n
thereexistsanniqemophima S

ys.t.e.IE hI
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Proof Over teh we define Ee Glaze imir Nz SEEN
1 not

Ecvariesholomorphically as moves

FaZeE ZE
I 1 Jt n action Ed e É Eta Ed
L t t 40kt att b cud É 4202ft

Z z t D É
TakingthequotientbyTa N actin Emir T.ME

I
T.cnG

Onechecksthatthisgivesthemoduliinterpretation

Now wegive a slightlydifferentwayto
describethelevelstructure

TIE Tatemoduleof E LEEIn VCE TLE Q freeofrk2 Af



I n a f s
If E is over a Q schemeS F E is an étale I sheafofrank2

Claim If E E is anellipticcurve giving anembedding i Ine E N isequivalentto

a Tin orbit of isomorphisms É T E
u

T.tn
Proof Note I E E N Stabilizerof i ispreciselyTIN

Remand Language issue If E is over a localnoetherianQ schemeS wewillneedtotake

a T S s stable Tin orbitof isomorphisms É E T E
Or in afancierlanguage Isom É T E is anétaleGla Z torsor

a level N structure is a sectionof Isom É T E r.tn

Theorem2 Assume N 34 Thefunctor
M ManSch Sets

s tangs
somclassesof E Z Eelliptic one s

OneachconnectedcomponentofS fixingageometricpoints

Y É II E is a it S s stablet.TN orbitof f
isomorphisms

is representableby a geometricallyconnected smoothcurve Y n overQ
Remand This isequivalenttotheearliermoduliproblembutwe caneasilymodifyTINto any

opencompactsubgroupK EGL E

Rationalversion

MEME Schlo
we

10 Sets

g p gg g
equivalent classesof E y E ellipticunrels

y
OneachconnectedcomponentofS fixingageometricpoints

yAtf'sV
E is a it S s stableT.TN orbitofisoms

Heretwopairs E y E y areequivalent
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if I quasiisogeny a E E sit doy y as F n orbits

i e we are classifyingellipticcurves uptoquasi isogenies
Upshot Canreplace F n by an arbitrary KEGhalf notnecessarilyinGla E

Theorem3 Mri n IM fin is an equivalence

Ey to Ey
Proof Conversely given E3 EM S theissue is

y Ag V É
UI U

Z t.pt
maynotbecompatible

Lemmy Fix an elliptic curve to 10 There's a bijection
Elliptic curves Ewith aquasiisog x E Eo

I lattices in V Eo T E QQ TEDET Eo
Pf Given a Z tattieA EV Eo

wefirst assumethat T E EA E IT Eo
thenIET EFFI E In

Define E E Ig Eo

Cancheckthattheinduedmap is exactly ICE É A

Ingeneral I N s t N T Eo E A ETF Eo
Define E E fast assubgpofEo n
E Eo E o D

Variantofthelemma E S needtomodifythetarget to
T S s stablelattice in V Eo as Ag sheaf over S
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Backtotheproofofthetheorem
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Lema 7 E E quasi isogeny sit
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Then E a oz E y a og gives anisom.INT D

Complexpoints anotherproofoftheadeliadescriptionofmodular curves
Theorem4 Foranyopencomportsubgroup K EGlaAg

MKSchlie Sets

g ppg
equivalent classesof e.g E ellipticunrels

1
OneachconnectedcomponentofS fixingageometricpoints

YAtf'sVIE
is a it S s stable K orbitofisoms

is representable if K is neat and

Mk e off xGlaAyyy
Inparticularthisgivesanotherproofof T nth GL.at Gh AtYK

Proof Anelliptic ane Ela hasthreefeatures
Bettihomology Hile a I
E'talehomology Hite g f Ej

Comparison Hile e 2 02 Hit ez

deRhamfiltration o tileRE HdrEla H eOe o comparison

Kition o Wey Hid Elo lie e o H eld 7 a Hiya
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Startingwith E y We choose an isomorphism p H Elo Q Q
Then we can construct elements inGlaAy andLt as follows

Aj Is Hit E Ag it e e Ay I 1A

givesan elementofEGlaAy

Wey I Hid Ela H E e Q I am
gives anelement ee p e canprovethat it doesnotbelongtoIR

So weget Ey mo t.gg E f xGlaAy
Thisassociationdepends on choiceofy inthe K orbit agfmodtin

choiceofisomp if p hop then
Gj e h.gg h e

Puttingthesetogethergives amapY N e Glad xGbAt t.tn
Exercisetocheck This is independentofequivalentclasses

Thisgives a bijection

Moduli over Icp
Letpbe a prime

number

Zap localizationat p IG TelZe 1AM I Q

LetKPEGla24 be an opencompactsubgroup

K GlaZp KP so nolevel p
Candefine a functor Mkp Schts Sets

isomclassesof E y Eellipticcurve s

S M S I OneachconnectedcomponentofS fixingageometricpoints
Y É I E is a ti S s stableKPorbitofisoms

It is represented by a schemesmooth overIep
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2 Geometricmodularforms a laKaty
Algebraicpointofview K E Gl I tomake ourlifeeasier

E
univ

s f g
Yuk is locallyfreeofrank 1

Define w strtuniyu this is a linebundle

Mk Nextlecture w extendsnaturallytothecompactificationMKEME
Then
Sp K Ho ME wok D EMa K Hui w'd
11

spaceofcuspforms D ME Mk cusps

Katz'snew definition Atestonbjectover a 74 algebraR is atriple Ey w
where

Ey is an R pointofME so E is ageneralizedellipticcurves

w is a generatorofthefreerankone R moduleWelp
AKatzmodularformofweightk is aruletoassociateto

every2ft algebraR and
everytestobject E y w

an elementfley w er
sit 1 Thisassignmentdependsonlyon isom classof Ey w

a is compatiblewithbasechangeinR

i e forSpecR't Speck flateayMw a f Ey w ER

3 satisfies f Ey a w a kf Ey w for aER
theorem Thespaceofmodularformsisthesame asthespaceofKatzmodularforms
Indeed given a usualmodularform fe ti MEw'd weobtain aKatzmodularform fkab

foreverytestobject E y w over R

morphism a SpecR ME sit E g EunivYaniv

Then atf is asectionofHoSpeck WE
so f s w k forsome se R u set fKat Ey w s



Properties I z s are easyto see theconverseisalsoimmediate
I

ApplicationDescribeHeckeoperatorsTpactionon Katzmodularformf overQ ptN
Given a Katzmodularformf wedefine a newKatzmodularformTplf as follows
Foreachtestobject E i w over a Z Ntp algebraR assumingSpeckisconnected

thereareexactlypetsubgroupschemesC CElp ofrankp overSpeck
Define Tpf E i w pkt I f Elo ic we

normal 1 CCEp maltbyp
wherewe issgitenasfollows EFFIE icyn.si E Ele

define Wc w

Wecanalternativelydefinethis as follows

e Y fi gfgsubgmforderp
sitKer EFE hasdegreepX n

Ta E E i E i where iNÉE L
Notethatthere's a universal isogeny TE TE É TE

T
Pullingbackalong it get it Tw Tw

WedefineTp operator as

Tp Lefty H Xmln topl w'd HIX n wok

Thetaside
A Ho X N Tia w'd TI Ho X N w'd

DefineTp f Tp Thenormalizationfailing isveryimportant


