
 

Lecture Siegelmodularvarieties and ShimuravarietiesofPELtype

1 Hodgestructures Xprogsmooth e

Let R Z Q or IR asubringofR imaginetobeH X ean R
HERB

A RHodgestructure is a finiteprojective R module V equippedwith a bigrading is

Va VAC EgVPA analogoustoH x e
on
e pftp9fxle

sit VPF M forthecomplexconjugationon E VorC Va
V0 Z H v O E

Thepairs pg for
whichMotto are calledtypesof V countedwithmultidimer't

SaytheHodgestructure isofpurely if foralltypesCpg of V n peg
In thiscase the bigradingdecomposition isthesameasthefiltration

FPV yours as VPI FPV n Fr
Thebigrading Ve gut can beinterpreted as anantiof

Gmx Gm on Ve s t Z W arts onWPF via ZPwF

or Gma xGma GL ve an algebraicgrouphomomorphism
u

complexconjugation

induces Z W to GoE

TakingGal Elr invariants ReserGm GL Vir homomorphismofalggps R
IWeilrestriction ResaleG A G AA

forany R algebraA
RakResaleGm e a Gm a xGm e

So Resar m.e is a realformeofGm a xGm e
Coy R a x a G V9
É z 1 x z z actsbyÉPÉE

Summary Givingan R Hodgestructure on V isequivalentto



y g ge g
giving an IR homomorphism h GLVip

Example V 26 2Tik HodgetypeC1 1 Va Vt weight 2

h R GLAIR IR The ziticomesfrom
É z n ZE 24 H Gm Kriz A

Example V H Ece 2 5202

Ve Hi ECE E HR Ela type G o Con

µ ÉIÉ HYE lie THIS SYR

aetsby.FHidRCEldHiRCElmultbyz.hR GlaVir giving Vira structureofcomplexvectorspare
Ex then Vir v recoverstheellipticcurve

Theory 2 Hodgestructuresofrank 2and type6 1.0 co D
I bijection

Ellipticamulet

Definition Apolarization on an R HodgestructureV ofweight n is amorphismof
Hodgestructures 4 Viv Ren
St ai Y x hci y is symmetricandpositivedefinite

Rmt XcompactKahlerofdind H x Bprim Q ned is apolarized IR Hodgestructure

Ca Cp Swdneap of wt n

Note 4 x ha y Chai x y fix heisey
4 y.IE symm.as4ismrphismandhcisistrivialonRGn

His i symmetric

Fact Polarized 2 HodgestructuresVofrankag type 1 0 6 1

I
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dimAbelianvarieties a



I
CDetAnabelianty A over S is a proper

smoothgroups scheme

allfibers aregeometricallyconnected

h R xGsp Vip 4 GSpg R

h t gives Vir a structureof complexvectorspare
A e VRA as complexTori

w gives riseto an amplelinebundleon A see Mumford

2 Siegelmodularvarieties

Quick blackboxs Als abelianvariety A S Reference MumfordAV
Pic A Schis Sets

T o flinebundles L over ATwith anisom efl Op
Pic A isrepresentedby a smoothgroupschemeIs
a Av Pic A connectedcomponentofPic A
Fact Pic A is an abelianvariety theuniversallinebundle

P
A xpic a

e P Ax y L
I

Readingthistheotherway A Pic Pic Al inducesA A
Anotherexplicitconstruction If Lisa relatively amplelinebundle over A

then A Pic A
x x x LOLI

Fact whenAlk Lample xEA L L ki is finite
thus AL A A KEA

Moreover m L Pt5 P h fullback

A A A A
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XL
Polarization IsogenyX A A sit X A A A isthesame as

Conversely everymorphism A A e s t I I
I L for a linebundle L

Caveat Nottrue if A k for non algebraicallyclosedfield

Integralversion Let A be a Z moduleofrank2g
and 4 A A 2 a nondegenerate alternatingpairing

Basey 4 isperfect i.e A 799 if
Ig
Ig

h EIN

Agn Schip Sets
A X i abelianschemeAofding s

Stato s
h A A polarization

i Ina I AINT isom sit
oneachconnectedcomp S theists

an isom 742 7N
1st Hap x 7 27 INE

g y

4

is representedby aquasiproj sm scheme 9 Mumford

Caveat OverSpecQ there's no isom HNa MN
suchisomorphismexists over Q SN

SoAginhas no Q points eventhough it is a smoothIQ scheme

InfactgeomAgm to
qq.gg

gtxGSpglAt
pq



Ig

Qso Hnzp44,1
datedbyGally

Ga QGuy

Agin There's no Q point onAgin b c
I there's no morphism SpecQ Spec Gun

Spec Gun
QGun Q

Sp IQ RemarkAgn is a connectedQ schemebutnotgeometricallyconnected

Slightlymoregeneral Aged 4 Ap Ap Q antisymmetricperfect a
KEGSp A Af 4 opencompart

Mk Schip Sets
A t.pk quasi isogenyclass

1A abelianschemeofding
s t Mk s 7 A A quasi polarization

OneachconnectedcomponentofS fixing ageometricptses
yk is a ti Ss stable K orbitofisoms

Me also
4 y AMF FCAFndcÉcutsontheisom

CAg Ag i
yay n I IFarter TCAs x VAs V As V A

pg.inAf
Mk isrep'dby a smoothquasiproj Q scheme

theorem LetLj ZE Symg e Im Z o or Im 2 o

Imeanstotallypositive

Then MK E GSpglatbg GSp.gl f K
Proof Given A d y fix an isom H Ale O

I A a
sit polarization t 4



I 2 I
Ago If I Hit Ale Ag H Ale Q Af I Apg f

isomorphismpreserving I Weilpairingus 4 uptoscalar
WAY Hid Ale HiAldan Q A Agog
This defines apolarizedHodgestructure on A a QQ
h Gsp Ap 4 GSpagR

Allsuchh is GSpag R conjugateto
ho GSpg R

xxx 5 Ig
h i Et check A it B c itD egg

3 UnitaryShimuravariety
Let Ebe an imaginaryquadraticextn
Let V be a Hermitianspaceofdim n over E
that is C V x V E nondegenerateHermitianform

x y Tx Lax by ab x y for x YEV a beE

Fix Se Eet Thisdetermines anembedding E E Ost SeRoi
ThentheHermitianform induces an alternatingform

V x V This is a

x y Trey S x y
check x y y x

Trela S x y Trela S g ITISC SCyx g x

Fact non degenerateHermforms It nondegeneratealternatingforms V aV Q
satisfying ax y x ay



fyng t y I 1
NoteThisbijectiondependsonthechoiceofS

Consider
group GU V forS an Q algebra

GU V s g c eGiggs x s
V XYE V

p gx.gg e x y
similitudeuitarygra

gx.gg c x y
Have 1 U v Gb v I 6m 1

We are interested in understandingtheShimuravarietyforGU V
Fix anopencompactsubgroup KEGU v A
Previously we'vetalkedaboutthegroup thendataatallfiniteplans now atarchimedeanplane
At is Vir has signature a b n atb

i e I a basisofVir sit theHerm formis Ia
Ib

h GLVip IGLn
HereExoR d uses
theembeddingdeterminedbyS

z to EI
EIb

Then x h ily Treml S x hcity goconjugatelinearinsecondfont
for x y f Epa this is Treml c i Cit x y
so positivedefinite SimilarlyforEpt

b

Modulifunctor
Mk Scheffisiseinsteadhewed

canonically as asubfieldof
usingtheonegivenby8

1 A i d y uptoquasi isogeneos
S t Mfs Aabelianvarietyofdin n overS satisfyinga signaturecondition

i E c End A Q an embedding

I
sit theRosatiinvolutioninducescomplexconjonOe

OneachconnectedcomponentofS fixing ageompointsipad in

y



I of Ling g pWeilpairingcantseetheHermitian
form soweneedtoturntheHerm Y is it S 5 stable K orbitofOelinearisom
µ

form tocomparew Weilpairing

y yThiscorrespondsto achoiceof
embeddingGuluGGSpag sty sty 0 I

As xVA HatsAf i
Rosatiinvolution Given an endomorphism O A A thepolarizationinduces

A 0A Ox istheRosatiinvolution
d f f quasi isogeny blowechoses

A A tobeamEscheme

Signat condition O Ways Hi Als Liens o f 0500 Os00s
U
LEE X a ax ax

locallyfreeOe Ogmoduleofrankn
Accordingtothedecomposition o ways 71dRAls liens o

It linear
on theright getdecomposition j 2 Oeconglinear

Require rank Lieals a rank liens a b U
correspondstotheeigenspare

correspondingtotheconditionforhearlier ofh e ailingbyZ
Renard ThepolarizationX induces aperfectpairing

1 HR Als x HR Als Os
ButtheRosatiinvolutionconditionimpliesthatunderthe decomposition intoj1.2

weget X Hid Als x Hid Als Os
UI UI

rankn a WAYS t WAYS rankn baa

WAYS WAYS are exactannihilatorofeachother
theoremWhen Ke GU v Ay issufficientlysmall Mk isrepresentedby asmoothvariety

of dimension a b over E
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Remark Similartotheargumentformodularcurve Siegelmodulivariety

can almost proveme e q
X AA

if atb
where X GUR a b R GUpa xUpb IR

a
UpCa xVirb

Notquitecorrect When n atb is even this isokay
when n atb isodd Ma e finiteidenticalcopiesofthis

lelive


