
 

Lecture 8 General theory of Shimuravarieties

Ultimategoal Explainthemeaningof a writing Sh G X GON GAK
we've seenmany

times

1 Shimuradata

Definition A CartaninvolutionO on a linearalgebraicgroupG overR is an automorphism
0of G over IR sit

i O id and y
complexconjugationwrittheR structureofG

z Glo R gEG a Og g is compact

BlackboxTheorem Ghas a Cartaninvolutionifandonlyif G is reductive
In this case twoCartaninvolutions are differedbyconjugationbyanelfofG R

We nowfirstgivethedefinitionofShimuradata thendiscusswhat it entails
Definition AShimuradatumconsistsof a pair G X

G is a reductivegroup 10
X is a G IR conjugacyclassof homomorphisms h ResayGm Gr

s t for one andthusevery h thefollowingconditionholds
sun thecomposition Gr g defines a Hodgestructureoftype
C l 1 Coo i 1 i.e Z E R Q arts onGpwitheigenvaluesE I É

SV2 Conjugationbytheimageofh i in Gad G centerofG is aCartaninvolution

SV3 ForeveryQ simplefactorHofGad H R isnotcompact g
canberemovedaswellThere are other axioms thatsimplifysituationsdiscussions e.g itexcludesmanyimportantcase

DID quaternionalg D R HIThequestion is whichgenerality wewillallow ForG D At isaptmudcente

Remand By definition X E G K with Ka stabilizerofh s godcenter
inpraticetstabilizerofh i a mailcompactsubgpofG R



zerof comp g of
Example G Gta Q ho r a Ghar

xtiy Y
The actionof Adobo x artstriviallyangle Adoholy artsby

Ek Iii eigenvalues are 2copiesof 14 1
Stabs Glaces G c d

YffImodanter
X Adgertho x ft

sua
Adab Cho a

Example G GSpag a writ symplecticform Igt
h R Q GSpagle

xtiy 1 XI yIg
YI Ig

Example E imaginaryquadraticfield Va Hermitianspaceofdimnle signature a b
atb nThegroup G GUN for a Q algebraR

GCR g c EGL VqR xR Lgxgy Cay Vx.yeVgR
ho R E G R EGln e a writ Hermitianmatrix

z É Tie
X Ada Cho StabloGAR Gluca xu b

Atypicaltoforunitarygroup is hi R Q Ulu R

z that

h
Remand Somehow hoshi arenotquitethesame e.g ho is not UM GUN

SogoingfromEffy toUlu is a bittricky
bettermoduliproblembetter automorphicstories



ellermodule r moy

Wenowexplaintheconditions inthedefinition especiallyhowit'srelatedtovariationofHodge
structure

Recall A Hodgestructure on a Q vectorspare V is thefollowingequivalent
structure

a homomorphism h GLRVir
a bigradingdecomposition Va YPF sit UPF VFP

pg
Wesay Vhaspureweight if V40 ptg n

Lets be a complexanalyticmanifold A variationofHodgestructure consistsof
i a Q localsystemK on S

as a decreasingfiltrationFPUof V Iq 0s satisfyingGriffithstransversality
i e O FPU EFFUgsRS

s t ateach s eS thisfiltrationgives a Hodgestructureon Is injective

Theorem Let G X be a Shimuradatum let G GL v be a faithful Q repnof G
CisThepartin Sui claimingthattheHodgetypesofAdoh g areofpurewt o

there's a uniquecomplexstructureon X s it thefiltration on Vx as longsofpureat
definedbythe h GirtGLVp variesholomeyhically

2 Under i SVI meaningtheHodgetypes e i s Coo i 1

is equivalenttothatthefiltrationfortheaboveHodgestructuresatisfiesGriffithstransversalit
3 SV2 implies whenVhaspurewt n thatthere's a polarization

I V x V BxC n fortheHodgestructure
Proof a Willonlyproveexistence

Thecondition in i h emactstrivially on g
h Gm e Zai connectedcomponentofcenterofGir

Mayassumethat V isirreducible Gm ZI GL Vir
actsby x tix forsome n

EachheXdefines a Hodgestructure on V Vh



S g
S I GR GL Vir

th i ie Ven a pfqnVefts.t.hcaaitsonVePfbyEPzF

hXDefineFPVh.e pigVet so that Vet Five e nFET
Easyto see dimFPVere is independentof h biodoesn'tchangebyGarcong

AseachVa is isomorphicto V abstractlyget a naturalmap
y X Gr VadimFPVer e Grassmannianoffiltrations onVewith
h to FPU a EV givendimensiondata

Now weverifythattheimageof X is a subanalyticvarietyoftheGrassmanian
Eg h Gla r

Extiya YY
LEGB e p e

ThetangentspaceoftheGrassmannan is End d ÉÉndom preservingthefiltrationonto
Thetangentsparemapof4 factors as Wooisdef'doverIR

Tax 91goo IEndtvyn.gg
t district

115f X Enda
End vgig I

injective
whenG GL v isfaithful

Thisdefines a naturalcomplexstructureon X sothatX Gr is holomorphic

Note Whenchoosing V g Ad dyis an isomorphism
X o Gr is an openembedding

12 TheGriffithstransversalitytranslatetothattheimageofdylies in FEndMAendal
Hodgetyres onCf Adoh canonlybe fi D 1 D o o

3Thisissomeresultsfromlietheory Omithere



52 ClassificationofShimuradata
Wesaythat GX isofHodgelippeif

embedding G GSpagst 1GR GSpig.ir

is conjugateto zxtiy sf.FI g
i.e.Shocanbeviewedasamoduli'spareofabelianvarietiesithHodgeteansJ.Wesaythat G x isofabeliantypeif I G ofHodgetypes.t

I Ger Gerisog induing Gad R X Gad R X

Basically itmeans Hodgetypeuptocenter exceptforoneparticularcase
Roughly Alllocsymmspaces Shimuravarieties abeliantype Hodgetype PeltypeT t

quit'eagap differencenotthat usually technicalissue
arithmetically nota afterkisin's
important problem breakthrough

ClassificationBypositivity Gad istheproductofQ simplefaiterswhichmusttake
theformsofRestoG foranabsolutelysimplegroupG'over atotallyrealfieldF

type G Glue 1 1151,0 o G Glad Peltyre
G Ulan a h Gr y

z diag HE the it

typed G GSpan ye vectorrep'n Hodgetype
G GSpin 2,2ND 585ps

TypeCD GGSpinnie yesspinrephof G
G Gsp nt nodd Siegel case.PE

ypeGSpin2 n z neven

HodgetypeTypeDIGSOzn vectorrep'n Gen
G GSOan GGSpan Hodgetype

ForHodgetype can'tmixedupD D

TypeEoEz minusculerep's butnotofabeliantype



ype I of hype

3 Shimurareciprocitylawandcanonicalmodel

Reflexfield G X is a G a conjugacyclassofcocharacteryGm Ge
In Gm Gf is a naturalvariety canbedefined over a numberfieldEEG

E is calledthereflexfield
Explicitly X Te Gal 98 whereQal algclosureofQinsidea

Y Then E E G x subfieldofQa'sfixedby Stabat8 1
NoteThereflexfield isalways a subfieldof0 i e anumberfieldwith aspecificcplxembed.ly

theoremThetowerofShimuravariety ShGX ShrGX kegay
Sh G x e G g Xx GUI

admits a caiglmodel overthereflexfield EEG X
now explainthis

If G T is a torus i.e Ta Gi e h Tir is invariantunderconjugation
X h is a singleton

MGm a Ta is defooverthereflexfield E EC
For keTat Sh t e TATUM is afiniteset
Eat

Todefine a modelofShafi over E it'senoughtospecifyGalQE action

Shimurareciprocitymap
E reflexfield

Gal QE Gal EYE IftEvile o
on If EAt

sendinguniformizertogeomFrob ME

THEReq



ThecanonicalmodelofShk T overSpecE isthe E schemestructure sit
theinduced eeGal QE onShxt e isgivenbyrighttranslatebyRegG

Forgeneral G X a canonicalmodeloftheShimuravariety is an E scheme
She G x sit forevery morphism T 1h1 G X ofShimuradata

thenaturalmorphism yahHTC Kygo HK

is inducedbyamorphism
sharingT.tk sShkG.xgpeeSpecETfhl

Basicallythere are enoughsuch f 3h G X torigidifytheschemestructure

ofSh G X
Exampleformodule curves Siegelmodularvarieties

V P I I non deg alternatingfor
Gsp v g c EGL v xGm gx.gg cfx.y tinyEV

1 Sp v Gsp v s Gm l

h GspVir Gm overR I fIg's
xtix to Ig It Xy

µ Gm Se Gm exGm GspVa Gm
Z 1 z 1 Ig

Ig
te z

For KEGSp v Ag opencompactsubgroup
Consider ShkGsp v Lg Sha k GmIpt

GspGcats GSP
G Aka play k

Reciprocitymap Gala Gal p I amWut oomf
Sowhen K TIN theGalvisgoopactsonthe Q Ilack

To ShkGspvlog viathecyclotomiccharacter
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