HIDA THEORY ON p-ADIC MODULAR FORMS

LECTURES BY BIN ZHAO

We give an introduction to Hida’s construction of analytic families of ordinary p-adic modular
forms and their associated Galois representations. We will explain Hida’s control theorems for
ordinary p-adic modular forms and show how these theorems have been useful in relating certain
Hecke algebras with universal Galois deformation rings. We will also explain examples and open
problems on these topics.
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Part 1. Introduction

We begin with some setups. For convenience, we fix throughout the course an odd prime p
(whereas the Hida theory is valid for p = 2 as well). Fix field embeddings i, : Q < C together

with 4,: Q < C,. The p-adic valuation and norm on C, are normalized such that v,(p) = 1

and [pl, =p~".

1. THE p-ADIC FAMILY OF EISENSTEIN SERIES

Let k > 2 be an even integer and consider the Eisenstein series Ey(z) € My (SL2(Z);C) of
weight k defined as
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2 HIDA THEORY ON P-ADIC MODULAR FORMS

For any point z lying in the upper-half complex plane, the Eisenstein series admits a g-expansion
in ¢ = e*™* as follows:

Ei(z) = 7(:(12_ k) + Z Gr-19",
n=1

where the coefficients are given by

op—1(n) = Z dF1.

d>0,d|n

Note that all coefficients in the g-expansion of Ej(z) are rational, and we can view these o’s as
p-adic numbers for prime p.

Keynote Goal. We aim to interpolate the coefficients above in the p-adic sense for various k.

Naively, one can attempt to extend the function k¥ — or_1(n) and & — ((1 — k)/2 to
continuous functions Z, — Z,. For this, consider first the nonconstant coefficients and it
suffices to consider the associations k +— d* for a positive integer d. But in a sequel, it is clearly
impossible to interpolate the map k + d* when p | d. (More detailedly, fix k; € Z and vary
ko > ki; observe that v,(pF* — p*2) = k1. So the coefficient function depends badly on k.) Such
a phenomenon indicates us to remove those divisor d’s of n divisible by p in the expansion of
ok—1(n). This leads us to consider the modified coefficients

Ul(cp—)1(n) = Z "t
d>0
ptd|n

To make these coefficients meaningful, we consider the p-stabilization of the Eisenstein series
Ey(2),

EP(:) = Bi(2) - 0" Bulp2) = P8 + 3o, (n)g" € MiTo(p):C),

where (,(k) = (1 — p*71)¢(1 — k). It is a general phenomenon that p-adic family of modular
forms interpolate p-stabilized Hecke eigenforms. For example, the following result explains how

the modified coefficients al(cp_) 1(n) depends p-adic continuously on the weight k.

o If k1 = ko (mod p®~*(p — 1)) for some a > 1, then a,(cf)_l(n) = a,(fz’)_l(n) (mod p®) for
each n.
It turns out that the correct track to step in the world of p-adic modular forms is to view the
weight k as a continuous homomorphism xj: Z; — C) via z 2k,

Definition 1.1. A p-adic weight is a continuous homomorphism r: Z; — C;. The weight
space W is the rigid analytification of the Iwasawa algebra Zp[[Z;]]; that is, when L C C, is a
closed subfield, we have the L-valued points

W(L) = {x: Z,; — L™ continuous homomorphism}.

Remark 1.2. Here comes a geometric interpretation of the weight space W. Consider the natural
factor isomorphism

Zy = A x(1+pZpy)

where A is the torsion subgroup of Z5, and 1+pZ,, is a topologically cyclic subgroup (and hence
we fix a topological generator u =1+ p € 1+ pZ, of it). Denote w,: A — Z, the Teichmiiller
character induced by the isomorphism above. There exists a bijection

W((Cp) = Homcom(Z;;,(C;) —— AV x Dy, = I—IXeAV D4

k ——————— (K|a, wy).
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Here we define w,, := x(u) — 1. On the right-hand set, AV = Hom(A, Z,) is the character group
of A, and Dy = {z € C,: |z|, < 1} is the rigid open unit disc in C,,.

Therefore, in the rigid-geometric sense, W is the disjoint union of p — 1 copies of open unit
disc indexed by the characters of A. The condition k1 = ks (mod p®~!(p — 1)) means that the
weights ki, and s, belong to the same disc and their coordinates are close to each other.

Let k be a positive integer and denote wy, = wy, = u® — 1 the p-adic weight of k. Consider
the p-adic logarithm function log: 1 + pZ, — pZ,, which induces an analogue
log x
log u

o: 14+ pZy — Zyp,

Fix z € AY an even character, i.e. a character such that x(—1) = 1. Then x = w® for some
even 0 < a < p—2. Let kK > 4 be an even integer such that £k = a (mod p — 1). Take any
d € Zy = A x(1+pZ,), whose image is (do,d1) via this isomorphism. Then

d¥ = df - dF = x(do) - (uf Y = x(dp) - (1 + wg)? ™),

and therefore

_ 1
() = D d* Tt = D7 cx(do) (14 wi) 7).
>0 ptdln
ptdn

Recall that for each o € Z,, we have a power series expansion

1+Xx) =3 (Z)X" € Z,[X].

n=0

Define

Ay X) = 32 X

ptd|n

(1+ X)*4) € Z,[X].

Then we particularly obtain
Ay(mwy) = 0}, (n)
for each admissible k. Also, recall that the L-series for character x is defined as
L(s,x) = »_ x(n)n™".

n>1
Proposition 1.3 ([Hid93, §3.6]). For any (even) character x: A — Z), there exists a power
series @, (X) € Z,[X] such that for any k > 2,
(1 - (Xw_k)(p) ' pk_l) ! L(]' - ka Xw_k)a X 7é ld,
(u* = 1)1 = (xw™*)(p) - p*~") - L =k, xw™), x=id.
Granting this proposition, by definition we get

A0, X) = ®,(X)/2,  x#id,
o P, (X)/2X, x=id.

Oy (wp) = Oy (u* —1) = {

The generalized Fisenstein series with respect to x is defined as

Ex(X) =) Ay(n; X)g" € Frac(Z,[X])[4].

n=0

The relation ship with the p-adic Eisenstein series defined before is given by
Ey(u* —1) = EP)(2)
for all k£ > 4 such that k =a (mod p — 1).
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Fix now a finite extension K over Q,. Denote O its ring of integers and F its residue field
(by choosing a uniformizer). Let A = O[1 + pZ,] be a choice of an O-lattice. A priori there is
a natural isomorphism A = O[X] by corresponding [u] to 1 + X.

Definition 1.4 (First definition of adic form). A formal series

F(X) =Y A(n; X)q" € Alq]

n=0

is a A-adic form of character x (of tame level 1) if its g-expansion F'(u* —1) gives the g-expansion
of a modular form in My (To(p), xw™*; ©O) for almost all positive integers k. Also, F'(X) is further
called a A-adic cusp form if F(u* — 1) is a cusp form for almost all k.

In fact, there would be three aspects to generalize Definition 1.4:

(a) May allow another tame level;
(b) May allow higher conductor at p;
(¢) Can replace A by a finite free A-algebra, namely, the Hecke algebra for A.

Let I be the integral closure of A in a finite field extension of Frac(A). For any k > 1 with a
finite character e: 1+ pZ, — @: , define an O-algebra homomorphism ¢y, .: A = O[1 +pZ,] —
@p corresponding to the character 1+ pZ, — @; that sends z to z¥ - £(2).

e A point ¢ € Spec(I)(Q,) = Homp(I,Q,) is called arithmetic if |y = ¢ for some
k,e.
e When £k > 2, ¢ is called a classical point.

Definition 1.5 (Generalized definition of adic form). A formal series F(q) = >, 5, Ang"
with A, € [ is called an I-adic form of tame level N with respect to Dirichlet character

x: (Z/NpZ)* — @:7 if for almost all classical points ¢: I — Q, with ¢y = ¢y, the image

©(F(q)) € Q,[q] gives the g-expansion of a modular form in My(To(Np"),exw™";Q,).

Example 1.6. (1) The generalized Eisenstein series E, (X) € A[q] is a A-adic form when
X: A — Z) is nontrivial. Else when y = id, we have X - E, (X) being a A-adic form.

(2) For f € Mi(To(p), xo; O), the product f-E,(X) € Alq] is a A-adic form when f is a
cusp form. Indeed, this f - E is a A-adic cusp form.

We are really interested in those modular forms carrying some arithmetic information. In
particular, we mostly care about p-adic family of Hecke eigenforms.

2. THE ORDINARY PART OF SPACES OF MODULAR FORMS

Let N > 0 be an integer with an associated Dirichlet character x: (Z/NZ)* — Q". For a
Z[x]-subalgebra A in C, we consider the space

M (To(N),x; A) = {f = a(n; f)g": a(n; f) € A} C Mi(To(N), x; C).
n=0

One can define My (T'1(N); A) and Sg(T'1(N); A) similarly for A.
Proposition 2.1. The space M (T'1(N); C) (resp. My(I'o(N), x;C)) has a C-basis in My(I'1(N); Z)
(resp- My, (To(N), x; Z[x]) -

Proof. Refer to [Hid00, III, Proposition 3.1.1] for a geometric proof and to [Hid93, §5.4] for an
explicit construction when N is a power of p. O

We introduce some notations as follows. For a subring A of C,, we define
M (T1(N); A) = My (I'1(N); Z) @z A,
Sk(T1(N); A) = S(T1(N); Z) @z A.
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For a Z[x]-subalgebra A of C,, we define
Mi(Lo(N), x; A) = Mi(To(N), x; Z[x]) ®z A,
Se(To(N), x; A) = S(Lo(N), x; Z[x]) ®z A.
Definition 2.2. When A is a Z[x]-subalgebra of C, define
Hy(To(N),x; A) = A[T(n)]nen € Enda(Mi(To(N), x; 4)),
and similarly for hy(I'1(N); A) € Enda(Si(T'1(N); 4)).
When A is a Z[x]-subalgebra of C,, define
Hi(Lo(N),x; A) = Hp(Lo(N), x; Z[X]) @z A,
hi(D1(N); A) = by (T'1(N); Z[x]) ®@z)y A
In both cases, define
mi(Lo(N), x; A) = {f € Mx(To(N), x; Frac(A)): a(n; f) € A for all n > 1},
sk(C1(N); A) = {f € Sk(T1(N); Frac(A4)): a(n; f) € A for all n > 1}.
Theorem 2.3 ([Hid93, §5.3, Theorem 1]). Let A be a Z[x]-subalgebra of C or C,. Then the
pairing
() Hi(Do(N), x5 A) x my(To(N), x; 4) —— A
(h, f) ¥ a(1, f/h)

is perfect and induced isomorphisms
Homu (Hk(Lo(N), x; A), A) = my(Lo(N), x; A)
Hom 4 (hy(T1(N); A), A) = s, (T1(N); A).
Recall that K is a finite extension of Q, with ring of integers O and residue field F.

Lemma 2.4. Let A be a commutative O-algebra which is free of finite rank over O with the
p-adic topology. For any x € A, the limit lim,,_,o ™ exists in A and gives an idempotent of A.

Proof. Assume first A = Oy, for some finite extension L/K, with ¢ equal to the cardinality of
the residue field k7. Then for each a € OF,

a?@ D =1 (mod m;™) = lim o™ =1.
n—oo

For each a € my, it follows that a™ — 0 as n — oco.

Now assume A ®p K is semisimple. Then it is isomorphic to a finite product of L;’s, where
each L; is a finite extension over K. For any z € A, the image of x via the isomorphism
A®p K ~ Hle L; lands in Hle Op,. The assertion follows from the argument when A = Oy.

In general, suppose A ®o» K is a finite-dimensional K-algebra. By Wedderburn theorem,
A®Rp K =N@S for N the nilradical of A ® K, and S a semisimple K-subalgebra of A ®» K.
For each © € A we write x = m + s, where m is nilpotent and s € S. From the previous
argument we see the limit exists:

. ! . T —
lim s = lim s (@1,
n—oo n—oo

Assume m/ = 0 for some integer j > 0. Then
J
(s +m)P (@D = g"(a=1) 4 Z (pr(q - 1)) P (a=1)—i i

and for each 1 < i< j—1,

This further deduces lim,,_, o, ™ = lim,,_, o s™ is an idempotent. O
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Let N be a prime-to-p integer and r > 0. Consider the Dirichlet character
x: (Z/Np™Hz)* — 0%
and apply Lemma 2.4 to u(p) € Hi(Lo(Np™™1, x; 0)) (or alternatively, hy(T1(Np"+1; O)), the
limit

e= lim u(p)™
n— o0

which is called the Hida ordinary projector, exists in Hy(Io(Np"t1, x; ©)) and is idempotent.
Take any Hecke eigenform f € My (o(Np"t1), x; O) and a u(p)-eigenvalue a,. Then

il = {f, aply =1,

0, laplp <1
When f|. = f, we say f is p-ordinary.

Definition 2.5. We define the ordinary part of Hecke algebra and spaces of modular forms and
cusp forms as

HP(To(Np"™*!, x; 0)) = eHi(To(Np™, x; 0)),

MR (Lo(Np™, x; 0)) = Mi(To(Np"™**, x5 0)) e,

S (To(Np ™, x; 0)) = Sk(To(Np™, x; 0))]e-
And define similarly for hy, my, and sg.

Lemma 2.6. The perfect pairing of Theorem 2.3
() Hy(To(Np™), x; O) x mi(To(Np™1), x; 0) — O
restricts to the ordinary part, and stays perfect as well.

Remark 2.7. For the ordinarily restricted pairing, we get an idempotent factorization
Hi(To(Np"™), x5 0) = HY(To(Np"™1), x5 0) x (1 = e) Hy (Do (Np™1), x; O).

Here the image of u(p) in the first factor is a unit, and that in the second factor is a topological
nilpotent element.

Similarly, for a Dirichlet character x: (Z/NZ)* — O*, we can use the Hecke T'(p)-operator
(see Definition 4.3(2)) in Hy(To(N), x; O) (resp. hix(To(N), x; O)) to define an idempotent eq in
Hi(To(N), x;0) (resp. hg(To(N),x;O)), and then define the ordinary part of Hecke algebras
and spaces of modular forms Hg*(To(N), x; O), etc..

Note that we have a natural bijection
Homeont (2, , O) = Homo.a1g(O[Z, ], O).

Let v: Z;f — O* be the character defined via inclusion. For any k > 1, we also use v* to denote
the corresponding O-algebra homomorphism O[Z,] — O corresponding to the character vk,
Let A = O[1 + pZ,] be the Iwasawa algebra as before, and fix an isomorphism A = O[X] by
sending [u] = [1 4+ p] to 1 + X. We may also view v* as a character of 1 + pZy, by restriction.

Then v*(¥(X)) = U(u* — 1) € O for all ¥(X) € O[X]. The main theorem is the following.

Theorem 2.8 (Hida). Let x: (Z/NZ)* — O* be the Dirichlet character. Then there is a
finitely generated projective O[Z,|-module S(T'o(N), x; A), called the space of ordinary A-adic
cusp forms of level Np®°, which carries an action of Hecke operators such that we have the
following Hecke equivariant isomorphisms:

S(To(N), X A) ®ppzxp,00 O = S (To(Np), x; 0) 2 S (Lo(N), x: 0), k=3,

p—2
S(To(N), x; A) @pux O = PSP (To(Np), xw';0), k=2,
=0
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Remark 2.9. One subtlety of this main result lies in that it fails in general for £ > 1. Also, the
reader should be careful that the isomorphism

S(To(Np), x; 0) = S (To(N), x: 0)
for the first case above is not induced naively by the inclusions
SE4(To(N), x; 0) = Si(Lo(N), x5 0) <= Sk(Lo(Np), x; O).

This is because the Hecke operator action on S, (I'o(N), x; O) is by T'(p), whereas it is by U(p) on
Si(To(Np), x; O). In fact, newforms in Sy, (To(Np), x; ©) has U(p)-eigenvalues 4/ (p)-pF=2)/2.

Part 2. Cohomological approach to modular forms
3. PRELIMINARIES ON GROUP COHOMOLOGY

The presented cohomological approach is good at proving the following fundamental theorem
on ordinary families.

Theorem 3.1. Let x: (Z/NZ)* — @; be a Dirichlet character. Suppose there is a field K
containing Qp(x). Then for any k > 2 we have

ranko(S,‘;rd(Fo(Np), xwF; 0)) = rankp (S2(To(Np), xw™2; 0)),
ranko(M,Srd(I‘o(Np),Xw_k; 0)) = rank@(Mg(Fo(Np),Xw_Q; 0)).

Let T' be a torsion-free congruence subgroup of SLo(Z), for example, I' = T';(N) for some
N > 4. Let $ denote the upper-half complex plane. Consider the modular curve Y(I') = T'\$)
as well as its compactification X (I"). Take the set S = X(I')\Y(I'). Then for any point s € S
we define 'y to be the stabilizer of s in I'. The assumptions above imply that T'; is cyclic, and
we take a generator 7, of it. Finally, let P be the set of all I'-conjugates of w5 for all s € S.

Definition 3.2. Let R be a commutative ring, G a group, and M a left R[G]-module.
(1) Define H(G,—) = R(—)% to be the ith derived functor of (=), where (—)% is the
functor from the category of R[G]-modules to that of R-modules by sending M to M¢.
In particular, H°(G, M) = M%. We list the cocycle conditions below:

o ZH(G,M)={f:G— M|Vg,g' €G, flgg9') = f(9) +9f(d)},
e BYG,M)={f:G— M |3me M, Yge G, f(g)=gm—m},

o Z2(G,M) ={f: GXG = M |Vg1,92,93 € G, 91f(92,93)— [ (9192, 93)+ f (91, 9293)—

f(g1,92) = 0},
hd Bz(GvM) = {f GxG — M | h: G — M7 vglng € G7 f(glng) = dl(h)(glag2) =

91h(g2) — h(g192) + h(g1)},
and H'(G,M) = Z*(G,M)/B*(G,M) for i = 1,2. Also, the differential map of the
corresponding complex d*: C*(G, M) — C*t1(G, M) is given as

d’(m)(g) = gm —m,
and for ¢ > 1,

d'(f)(g1,- - 9i41) =91 F(g2, -, giv1) + (1) fgr, .-, 94)

K3
+ Z(—l)Jf(gh 3 950541y <+ Git1)-
=1

(2) For G =T, we define the parabolic cohomological cycles and boundaries as
Zp(D,M) ={f € Z"G,M) | V7 € P, f(r) € (r —1)M} C Z'(I', M),
B3(D,M) ={f=d"(h) | h: T — M, ¥r € P, h(r) € (r —1)M} C B*(T, M).
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Then define the parabolic cohomology via
HY(D, M) = Zb(T, M)/B' (I, M),
HA(,M) = Z*T,M)/B%(T, M).
In fact, there is an exact sequence (see [Hid93, Appendix, Proposition 2])
0— Hp(T,M) — H'(T,M) - @ H"(T's, M) — HAH(T, M) — H*(T, M) — 0.
seS
As a consequence, if R — A is a flat homomorphism, then

Hh(T,M ®r A) = H5(T', M) ®g A,
HY(T,M @r A) = H(T, M) ®r A.
Proposition 3.3 ([Hid93, §6.1, Proposition 1]). Recall that T is a torsion-free congruence
subgroup of SLy(Z). For any I'-module M, we have
H:(,M)= M/DM, H?*,M)=0.
Here DM =} _(r—1)M.

Let ¢: H — G be a group homomorphism. For any R-module M, there is an induced

R[H]-module from M via ¢. We consider
H°(G,M) —— H°(H,M)
I
ME —— HE.
This gives a natural transformation called restriction, written as
Res": H"(G,—) — H"(H,-).

Again, if ¢: H — G is a subgroup of finite index d in G. Let {ry,...,74} be a set of

representatives of G/H. then there is a norm map
d

Ng/m(m) = Zrl(m) M — MC.
i=1
Formally, this again induces the corestriction functor
Cores™: H"(H,—) — H"(G,—).
Lemma 3.4. The composite
Cores" oRes": H"(G,—) — H"(G,-)
is the multiplication-by-d map.
Proof. See [Ser79, VII, §7, Proposition 6]. O
4. ON EICHLER—SHIMURA ISOMORPHISM
For any nonnegative integer n and commutative ring R, define
L(n;R) ={P(X,Y) € R[X,Y] | P(X,Y) is homogeneous of degree n}.
We define a left action of the semigroup Ma(Z).o = Ma(Z) N GL2(Q) by

(z Z) (P(X,Y)) =P ((X Y) (Z Z)) = P(aX +cY,bX +dY).

Let N be a positive integer. Consider its associated Dirichlet character x: (Z/NZ)* — R*.
Denote L(n, x; R) for the R-module L(n; R) but in additional with an action of I'g(N) via

(Z Z) (P(X,Y)) = x(d) - P(aX + ¢V, bX +dY).
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This action extends to

{<Z Z) € My(Z)2o: c=0mod N, (d,N) = 1}.

Now for zy € $ with f € My (T;C), we define a map ¢, (f): I' = L(k — 2;C) via

~v(z0)
o (F)(7) = / F(2)(Xz+Y)2dz € L(k—2;C), ~eT.

20
This map admits the following properties:

o v:(f) € ZMT, L(k — 2;C));
o 02, (f) = ¢z (f) € BT, L(k — 2;C)) for another zj € §;
o ¢z (f)(ms) € (ms — 1)L(T', L(k — 2;C)) when f € Si(I'; C).

Therefore, we get a well-defined map

@: My(T';C) — HY(T', L(k — 2;C))
which induces

p: Sk(I;C) — H};(F,L(k —-2;0)).

Theorem 4.1 (Eichler-Shimura). For any k > 2 and a torsion-free congruence subgroup I' C
SLy(Z), the Eichler-Shimura map

M;(T;C) @ Sp(T; C) —— HYT, L(k — 2;C))

(f,9) ————— »(f) + ¢(9)
is an isomorphism of C-vector spaces. It restricts to an isomorphism
Sk(T;C) @ Sk(T;C) — HA(T, L(k — 2;C)).
Corollary 4.2. Fiz an integer N > 4.
(1) The map
Sk(T1(N);C) —— Hp(T1(N),L(k - 2 R))
f Re(e(f))

is an isomorphism of R-vector spaces.
(2) For the Dirichlet character x: (Z/NZ)* — C*, we have isomorphisms of C-vector
spaces:

M;(To(N), x; C) @ Sk(To(N), x; C)
Sk(To(N), x;C) @ Sk(T'o(N), x; C)

Il

H'(To(N), L(k — 2, x; C)),
HE(To(N),L(k — 2, x: C)).

1%

b

For a matrix a = (a
c d

) € My(Z)40, we denote a* = det(a) - a™! = ( d _b>.

—C a

Definition 4.3. Let R be a commutative ring and I' C SLy(Z) be a congruence subgroup.

(1) Fix some o € My(Z)29. Let M be an R[I']-module whose I'-action extends to the
semigroup generated by I' and a. Fix a decomposition I'al’ = | |!"_; ;. Define a map

To: HY(T, M) — H(T', M)
as follows:

Ta(f)(7) = Zai ), feZND,M), yeTl.

Here ; is defined via the equality o;y = v;cj, for some (unique) j; € {1,...,m}.
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(2) Assuming I' =T'1(N) for N > 4. Fix another positive integer n. Set

A:{a: (i Z) € M3(Z): a=1mod N, ¢=0mod N, det(a):n}.

Then M has an action of A*. Fix a decomposition A = |_|;n:1 I'o;I'. We define the
Hecke T-operator

m
To: H(D,M) — HYT,M), T(n)=) 7a,.
=1

In particular, when n = p is a prime, we have

1 0
T(p) = Tap7 ap = (O p) .

One can easily check that the map
¢: My(T;C) — H'(T1(N), L(k - 2;C))

is Hecke equivariant, i.e. it is compatible with Hecke operators on the source and target. To
verify this, we can show that

7 ([ s vyas) = [T ey

for v € M3 (Z) with det(y) > 0 and

fly(z) = det(fy)k_l(cz + d)_kf (az + b> .

cz+d

Remark 4.4. Indeed, one can define the T'(n)-operator on H*(I', M) for all i > 0. However, we
almost work for 7 = 1 (and hardly for i = 2).

Corollary 4.5. Let L and L' be the quotients of H5(T, L(n;Z)) and H* (T, L(n;Z)) by their
mazximal torsion subgroups, respectively. Then
L=im(Hp(T, L(n; Z)) — HH(T, L(n;R)),
L' = im(HY (T, L(n; Z)) — H*(T, L(n;R)),
and
L ®zR = Hp(T,L(n;R)),
L' @z R = HY(T, L(n;R)).
Thus we can identify L as a Z-lattice of the R-vector space Si(I';C) with k = n + 2.
Definition 4.6. (1) Let A be a subring of C. Define hy(T'1(N); A) to be the A-subalgebra

of End (L ®z A) generated by Hecke operators T'(n).
(2) Let A be a subring of C,. Define hy(I'1(NV); A) = hi(T'1(N); Z) ®z A.

It turns out that when A = O, we have T'(p) € hy(T'1(N); O), and then the ordinary projector
e. Under the above definition, we have
Hy(I'1(N); A) = Hi(T'1(N); Z) ®z A,
hp(T1(N); A) = hi(T1(N); Z) ®z A.
Also, there are natural homomorphisms between A-algebras:
Hy(T'1(N); A) — Hi(To, x; A),
hi(T'1(N); A) — hi(Lo, x; A).
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5. PROOF OF THEOREM 3.1

Theorem 5.1. For all primes p > 3 such that (N,p) =1, and integersr > 1,

rankz,, S,‘;rd(Fl(NpT);Zp) < C(N,p,r)
are bounded, and the boundaries C(N,p,r) are independent of k > 2.
Proof. Write I' = T'y(Np") and n = k — 2 for simplicity. Let L’ be the image of H(T', L(n;Z))
in HY(T, L(n;R)), then L = L' N HA(T, L(n; R)). Then L is a lattice in Hp(T', L(n; R)). We set
L, =L ®gZ,. So

e hi(T;Z) is a Z-subalgebra of Endz (L), and
o h(T';Zy) is a Zy-subalgebra of Endz, (L,).

It follows that h{*d(T';Z,) is a subalgebra of Endy, (eL,). Therefore, it suffices to show that
rankyz, eL, has a bound which is independent of k > 2.
A priori there is a short exact sequence of Z,[I']-modules

0 — L(n;Z,) % L(n; Z,) — L(n;F,) — 0.
It induces a long exact sequence
v HY(D, L(m Zy)) = H' (T, L(n; Zy)) — H'(T, L(n; Fp)) — -+

and hence
Ker(H' (T, L(n; Zy)) @z, F, = H'(T', L(n;F,))) = 0.
Note that L < L' and L/pL — L'/pL'. ThenT, L(n;Z,))®z,F, — L' /pL’ is surjective. It boils
down to show that dimg, eH' (I, L(n;F,)) is independent of k. For this, we aim to establish an
isomorphism
6H1(F, L(na ]FP)) = eHl (Fa L(O, FP)) = eHl(rv ]Fp)
Define
p: L(n;F,) — F,, P(X,Y)— P(0,1).

It can be checked that ¢ is T' = I’y (Np")-equivariant. Moreover, Ker ¢ is generated by monomials
of forms X"~¢Y" for all i = 0,...,n — 1. Then there is a short exact sequence of F,[I']-modules:

0 — Ker(y¢) — L(n;F,) — F, — 0.
It induces a long exact sequence

oo — HYT,Ker(p)) — H*(T, L(n;F,)) — H'(T,F,) — H*(T',Ker(p)) — - - .

1 .
Note that the operators oy, = <0 2) and oy, = <€ (1)) acts on X" 'Y via

0l (XY = (pX)" Y
and then aj, - Ker(p) = 0. Thus, for i = 1,2,
T(p) - H (T, Ker(p)) = 0.
Finally, by applying e to the long exact sequence above, we see
eH (T, L(n;Fp)) = eH (T, F,).
This completes the proof. O
Lemma 5.2. Fiz a prime p > 5. For any O[[o(Np)]-module M, we have H?(T'o(Np), M) = 0.

Proof. Take I' = T'o(Np) N I';1(p), which is a torsion-free congruence subgroup with index
[Co(Np) : ] = p— 1. By Lemma 3.4, the following composition or restriction and corestriction
is the multiplication-by-(p — 1) map, and hence an isomorphism.



12 HIDA THEORY ON P-ADIC MODULAR FORMS

X(p—1)

~

H2(To(Np), M) 255 H2(T, M) S5 12(1(Np), M).
I 1]
0 0

So it follows that H?(I'o(Np), M) = H*(T', M) = 0 by Proposition 3.3. O

Set n = k — 2 as before. Let ¢: (Z/NpZ)* — O* be a Dirichlet character. From the exact
sequence of O[I'y(Np)]-modules
0 — L(n,1; 0) = L(n,1h; O) — L(n,;F) — 0,
we have a long exact sequence:
- ———— H°(o(Np), L(n,; F))

-

H'(To(Np), L(n,; 0)) —— H'(T'o(Np), L(n,1; 0)) — H'(To(Np), L(n,¢;F))

H?(To(Np), L(n,4; 0)) = 0.

Hence H'(To(Np), L(n,1;0)) @0 F = HY(Ty(Np), L(n,;F)), and by applying the idempotent
e associated to the T'(p)-operator, we get an isomorphism

eH' (To(Np), L(n,1; 0)) @0 F = eH' (Lo(Np), L(n, s F)).
From the short exact sequence, there is also a surjective map (after applying e again)
eH®(Lo(Np), L(n, ¢;F)) — eH' (Co(Np), L(n, ¢; O))[x].
By definition, the T'(p)-operator on H%(T'o(Np), L(n,;F)) is given by
p—1 1 i L p—1
TV =3 (0 p) (XY = 3 (X)X 4 Y.

In particular, we have T'(p)(X"7Y7) = 0 for 0 < j < n. On the other hand, note that T'(p)(Y™)
has no Y"-term as we are in L(n,;F). So we have

T(p)*H®(To(Np), L(n, 3 F)) = 0 = eH"(To(Np), L(n, ;) = 0
= el (To(Np), L(n, ¢; 0))[r] = 0.

It follows that eH'(T'o(Np), L(n,;O)) is torsion-free as an O-module. Combining this with
the isomorphism on eH'’s, we attain

Tanko eHl (FO(Np)a L(”v wa O)) = dlm]F eHl (FO(Np>7 L(TL, ¢7 F))
As in the proof of Theorem 5.1, we consider the following map
2 L(”,%F) —>L(07wwn§F)7 P(va)'—>P(071)

Again it is straightforward to check that ¢ is I'g(Np)-equivariant. So we have an exact sequence
of F[I'o(Np)]-modules:

0 — Ker(p) — L(n,1;F) % L(0,9w™; F) — 0.
It induces a long exact sequence of cohomology groups:

- —— H'(T'o(Np),Ker(y)) —— H'(To(Np), L(n,9;F)) — H'(To(Np), L(0, pw"; F))

H?(To(Np), Ker(p)) = 0.
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Moreover, as in the proof of Theorem 5.1, we have
T(p) - H'(To(Np), Ker()) = 0.
Applying the idempotent e to the above exact sequence, we obtain an isomorphism
eH' (To(Np), L(n, ¥;F)) = eH' (To(Np), L(0, pw"; F)).
Consequently, the rank-dimension formula above together with this isomorphism render that
rankp eH (Do(Np), L(n,v; 0)) = rankp eH" (To(Np), L(0, 1bw™; O)).
Now let ¢ = yw™*. By Eichler-Shimura isomorphism, we have
ranko My (Do(Np), xw™"; O) + ranko S7™(o(Np), xw™"; O)
= rankop eH' (Do(Np), L(n, xw™*; 0))
= ranko eH' (To(Np), L(0, xw™ % 0))
= rankp M$™(To(Np), xw™2; 0) + ranke S5™(To(Np), xw™2; O).
On the other hand, it follows from the proof of [Hid86a, Lemma 5.3] that the rank of the space
£ (To(Np), xw™*; 0) == MP™ (Lo (Np), xw™*: 0) /S (Lo (Np), xw™": 0)

is independent of k. In fact, [Hid86a, §5] gives an explicit basis of & (1 (Np"); Q) consisting of
Eisenstein series and we can deduce the results for £"4(T'o(Np), xw™"; O) by computing these
Eisenstein series.

Therefore for k > 2, we conclude that

ranko Sgrd(FO(Np), xw™F; 0) = rankep Sgrd(Fo(Np), xw™2; 0),
rankop M,‘jrd(I‘o(Np), xw™F 0) = rankp Mgrd(Fo(Np), w2 0).

So we complete the proof of Theorem 3.1.

Part 3. Geometric approach to modular forms

There are at least three approached for the interpolation result of Hida.

(1) Computations on group cohomology [Hid86a].
(2) Geometric interpretation of (p-adic) modular forms (which will be defined later) [Hid86b].
(3) A-adic forms (due to Wiles).

This course follows an adopted version of (2) as it has the potential to generalization to
automorphic forms on some Shimura varieties. The philosophy is to view the modular forms as
global sections of the structure sheaf on some modular curves.

6. GEOMETRIC MODULAR FORMS
6.1. Basic definitions and properties.
Definition 6.1 (Level structure). Let m: E — S be an elliptic curve. For any integer N > 1,
denote E[N] the kernel of multiplication-by-N morphism [N]g: E — E.

(1) Assume that N is invertible on S, i.e. S is a Z[+]-scheme.
(a) A T'(N)-level structure on /S is an isomorphism

dr(ny: (Z/NZ)QS — E[N]

of finite flat group schemes over S. Here Gg is the constant group scheme on S
defined by some abelian group G.
(b) A T';(N)-level structure on E/S is an injective morphism

¢1"1(N): Z/NZS — E[N]
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(¢) A To(N)-level structure on E/S is a subgroup scheme C/S of E[N] which is cyclic
of order N, i.e. C' becomes isomorphic to Z/NZ s after a finite étale extension of
S.
(2) Let p be a prime (not necessarily invertible on S). A T'g(p)-level structure on E/S is a
finite flat subgroup scheme H/S in E/S of rank p.

Remark 6.2. If S is a Z[+;, (w]-scheme, and if we denote
EeN: E[N] X E[N] — UN

the canonical Weil pairing on E/S, then we say that a I'(NV)-structure ¢p(yy on E/S has
determinant (n whenever

en(¢rny(1,0), érwv)(0,1)) = (v € un(S).
An arithmetic I'(IV)-level structure on E/S is an isomorphism
Yrony: in,s X Z/NZ, — E[N]

of finite flat group schemes over S such that the pairing induced by Cartier duality on the left
hand side corresponds to the Weil pairing ey on the right hand side.

Definition 6.3 (Tate curve). The affine equation

Tate(q): y* + zy = 2° + as(q)z + as(q), aa(q),as(q) € Z[q]

defines an elliptic curve over the ring of finite-tailed Laurent series Z((q)), which is called the
Tate curve.

We list some properties of the Tate curve in the following proposition and refer to [KM16,
§8.8] (and even the references given there) for more details.

Proposition 6.4. (1) The Tate curve Tate(q) has a nowhere vanishing invariant 1-form
o dx
can — 2y + _’L"

which is called the canonical differential. It is a basis of QTate(q)/z((q))-l
(2) The Tate curve has discriminant and j-invariant as follows

1
A=q]J-qg*, j:a+744+~-.

n>1
(3) There is a unique isomorphism of formal groups over Z((q)), written as

— - A dx
Gcan: Tate(q) — G, Wean — —

(4) There is a unique short exact sequence for every N > 1 in the category of sheaves of
abelian groups on the fppf site of Spec Z((q))

0 — py 2% Tate(q)[N] 2% Z/NZ — 0

of finite flat group schemes over Z((q)). Moreover, for any Z((q))-algebra R and { €
un(R), x € Tate(q)[N](R), we have
¢can(a1\’ (C)) =(, en (aN (()a ‘T) = C'BN(I)-
(5) When K = C or any local field, for qo € K such that |qo| < 1, there exists an isomor-
phism
K* /gt = Tate(q)(K).

Ixor any elliptic curve f: E — S over S, the canonical sheaf of invariant differentials is Wp/s = f*Q}E/S'
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(6) Let N > 1 be an integer. Define
Tate(q"): y* + 2y = 2° + as(¢")z + as(q").
Then all N-torsion points in Tate(¢") are defined over Z[(n]lq] C Z[(n, +][al-
Definition 6.5 (Geometric modular forms). Fix N > 1 and T' € {T'(IV),T'1(N),To(N)}. Let
Ry be a Z[%, (n]-algebra. A (meromorphic) modular form f of weight k € Z and level I" over

Ry is a rule which assigns an element f(E/R,w, ¢r) € R to any triple (E/R,w, ¢r), consisting
of

e E/R, an elliptic curve, where R is an Ry-alebra,
® w, abasis of wg g = fuQ p, and
e ¢r, a I-level structure on E/R.
Moreover, f is required to satisfy the following conditions:
(a) f only depends on the isomorphism class of the triple (E/R,w, ¢r).
(b) f is homogeneous of degree —k in w, i.e.,
F(B/R, ), ¢r) = X" f(E/R,w, ¢r)
for any A € R*.
(¢) f commutes with base changes; in other words, for any homomorphism g: R — R’
between Ry-algebras, we have
(B[R \wr, ér.r) = 9(f(E/R,w, ¢r)).
For a modular form f as above, the evaluation f((Tate(q), wean)r,) € Z(q))®zRo of f on the pair
(Tate(q), Wean) R, 1s called the g-expansion of f. Here the index Ry means the base change of the

Tate curve and its canonical differential from Z((¢)) to Z((q))®z Ro. Also, a meromorphic modular
form f is called holomorphic if its g-expansion lies in the subring Z[q] ®z Ro of Z((¢q)) ®z Ro.

Definition 6.6 (Modular scheme). Let I' € {T'(IV),I'1(N),[o(N)} as before. Consider the
following functor

Pr: Sch Sets
E/S is an elliptic curve, and
¢r is a I-level structure on E/S

(a2

S— {(E/S,d)p)

This modular functor obtains the following representabilities:
e When N > 3, the functor Pp(y) is represented by an affine smooth scheme Yp(ny/ Z[%]
e When N > 4, the functor Pr, () is represented by an affine smooth scheme Y7, (ny/ Z[%]
However, the functor Pr(n) is never representable as it is not rigid due to the element
—Iy € To(N). More unfortunately, this is not the only obstruction to the representability of
Pry(n)- For example, if we consider for a prime p > 5 that

ICO(N) : Schyz, Sets

(E/S, éro(n)) € Proca)(S) } N

E
S — {( /S, ¢F0(N)’w) w is a basis of WE/s

then its representability will depends on the number N mod 12. The main reason is that over
a field of character 2 or 3, elliptic curves have large automorphism groups. We refer to [Kat73,
Chapter 1] for a treatment to handle small levels and the I'o(p)-level structure.

We give a description of the modular scheme Yy for N > 3 following [Kat73, §1.4-1.5].
The case for the modular scheme Yr, () for N > 4 is similar and can be found in [KM16]. The
modular scheme Yp(y) is finite and flat of degree #(GL2(Z/NZ)/{£1}) over the affine j-line
Z|+]lj] (the coarse moduli scheme for the functor Pry)), and étale over the open subscheme
Z|+114, (j(j —1728))~!]. The normalization of the projective j-line P! /Z[%;] in Yy is a proper
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smooth curve Xr(y) over Z[%], and is called the natural compactification of Yp(y). We have
decompositions

1
Yraw) XZ[ﬁ]Z[ﬁvCN} |_| (V)

1
_ S
Xr(vy Xz(4) Z [N’CN} —|_|X1"(N)
¢

of the base changes on the left-hand side of Yp(n) (resp. X]_"( ~y) into disjoint unions of (V)
affine (resp. proper) smooth geometrically connected curves Yr ) (resp. XIE( N)) over Z[%, (-
These curves are bijective with the primitive Nth roots of unity, and for any primitive Nth root
of unity ¢, the corresponding curve YFC( N) represents the functor

’PIQ(N): Sch ———— Sets
S —— {(E/S,orv))}/ =,

where £/S is an elliptic curve and ¢y is a level I'(V)-structure on E/S with determinant ¢.

The complement Xp(n)\Yp(yy is finite étale over Z[%] and after base change to Z[%, (], it
is a disjoint union of sections, which are called cusps of Xp(xy. The cusps are bijective with the
isomorphism classes of level I'(IV)-structure on the Tate curve Tate(¢") over Z((q)) ®z Z[+, (n].
Moreover, the completion of Xp(ny Xz Z[5,(n] at any cusp is isomorphic to Z[, (w][g]-

Let E/Yp(ny be the universal elliptic curve, which extends to a generalized elliptic curve
E/Xp(ny in the sense of [DR, II, Definition 1.12]. The invertible sheaf WE/Yry, €Xtends uniquely
to an invertible sheaf wg/y, , such that its sections over the complement Z[+,¢n]lq] at each
cusp are Z[%,C N][¢]wean (recall that weay is the canonical differential on the Tate curve). A
holomorphic modular form of weight k € Z and level I'(N) over a Z[%]—algebra Ry is precisely
a section in

F(Xp( N) XZ 1 ] RO’wIE/XF(N)) F(XI"(N) (wIE/Xr(N)) ®Z[ ] Ro)

7. HASSE INVARIANT AND ORDINARY LOCI OF MODULAR SCHEMES

7.1. Hasse invariant. Let R be an F,-algebra and E/R be an elliptic curve. We consider
the absolute Frobenius map on the structure sheaf Fyhs: Op — Opg, which induces a p-linear
endomorphism F}y . HY(E,Op) - H'(E,OF) (i.e. F}, is additive and F (A\n) = NP F5 (1)

abs * abs abs

for A € Rand n € H'(E,Op)). If w is an R-basis of wg g, let n € H'(E, OF) be the dual basis
under Serre duality. Then there exists an element A(E/R,w) € R such that
:bs(n) = A(E/R> w) N

For A € R*, if we replace w by Aw, the dual basis in H'(E,Og) should be replaced by \~tw.
Then we have

A(E/R, ) - (A\™'n) = Fls(\"'n) = AP Fi.(n) = APA(E/R,w)

and hence
A(E/R, ) = \'"PA(E/R,w).
In particular, the association (E/R,w) — A(E/R,w) defines a meromorphic modular form of

weight p — 1 and level 1 over F,,, which is called the Hasse invariant. We list some properties of
Hasse invariant in the following proposition.

Proposition 7.1. (1) For any F,-algebra R, we have
A((Tate(q), Wean)r) = 1.
In particular, A(E/R,w) is a holomorphic modular form;
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(2) Let k be an algebraically closed field of characteristic p and E/k be an elliptic curve.
Then A(E/k,w) =0 if and only if E is supersingular, i.e. E[p](k) = (0);

(3) For any prime p > 5, the Hasse invariant can be lifted to QN Z, in the sense that there
is a modular form of weight p — 1 and level 1 over Q N Z, whose q-expansion modulo p
equals 1. In fact, we can choose the Eisenstein series

2(p—1
=& 1=1~ % > op-2(n)q"
p—l o>
nz
as such a lifting.

7.2. Ordinary loci of modular schemes. Fix a prime p > 5. Let W be the ring of integers
of a finite extension of Q, and 7 € W be a uniformizer. Fix a positive integer N and let
Yr/W (resp. Xr/W) be the base change of the modular curve Yr (resp. Xr) to W for I' €
{T'(N),T1(N)}. Here we assume that N is large enough to guarantee the representability of

the corresponding moduli problem. When I' = T'(N), we consider the arithmetic I'(N)-level

structure and we assume that W contains a primitive Nth root of unity. Fix a lift £ of the Hasse

invariant as in Proposition 7.1(3). We may regard £ as a global section in I'(Yr /W, gg/(f,gl)) or

L' Xy /W, gg/(f(_rl)). Let f: E — Yr be the universal elliptic curve that extends to a semistable
curve on Xr, which is still denoted by E. Define Y*4/W (resp. X2'4/W) to be the open
subscheme of Yr/W (resp. Xr/W) where the section E is invertible. For m > 1, set

W, = W/ﬂ-mVVv S:)n = rgrd Qw Wm, Sm = X?rd Qw Wi

Then S;, and S, are affine smooth curves over W, with geometrically connected fibers. For
any n > 1, we have a connected-étale exact sequence of finite flat group schemes over S5,:

0 — E°[p"] — E[p"] — E**[p"] — 0,

where E°[p"] is the kernel of [p"]: B — B of formal group of E, as well as the connected
component of the identity section of E[p"]; also, E¢*[p"] is the maximal étale quotient of E[p"]
and the Cartier dual of E°[p™]. Locally on the étale topology on Sy,

E°[p"] = ppr, E“[p"] = (Z/p"Z)ss, .

By [Kat73, Theorem 4.2.2], the connected-étale exact sequence extends to S,,. Then E[p"]
extends to a finite flat group scheme over S,,, which is isomorphic to Z/p"Z after a finite etale
extension of S,,. We also call such an object a twisted version of Z/p"Z g -

Definition 7.2. The functor
Tnn = Isomg, (Z/p"Z,E* [p"])

is represented by an affine scheme T, , = Spec(V,, . For the universal curve f: E — Xp,
we write w = Wy, x,. and w,, for the restriction of w to Sy, and S,,,. We make the following
definitions.

(1) Define the space of (true) holomorphic modular forms of weight k as
HO(Xp/W,w®").
(2) Define the space of false modular forms of weight k as

H(S,w®) = 1'£1H0(Sm,g®k).

(3) Define the following V' to be the space of p-adic modular forms:

Vm,oo = ligvm,na V= l&n Vm,oo-
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We will see that there are inclusions
{true modular forms} C {false modular forms} C {p-adic modular forms}

and the images of these inclusions are dense with respect to the p-adic topology. We will state
the results in a more general setting.

8. “FALSE” MODULAR FORMS A LA DELIGNE

Let k be a finite field of characteristic p and consider W = W (k). As before, we take
W, = W/n™W for any m > 1, where m € W is a choice of the uniformizer. Let {S,,/Wp,} be
a family of flat affine schemes, such that S, = S;41 Xw,,,, Wi Fix § = chlrd/W. Let P be
a rank 1 p-adic étale sheaf on S,,, i.e., an inverse system

P = (Pn = 'P/pn'P)n>1,

such that each P, is a (finite flat) sheaf on S,, such that P,, becomes isomorphic to (Z/p"Z)s,,
for all m > 1, after a finite étale base change of S,,. For example, over S we consider the short
exact sequence
0 — E°[p"] — E[p"] — E¢[p"] =P, — 0
of sheaves on S,,. Let w,, = P ®z, Og,, be an invertible coherent sheaf on S, satisfying
O (Wini1) = Wp,» Where @y, 0 Sy, — Sppq1 is the natural base change morphism. (For example,
one may take w,, = f,Q +E/Sp = wg/g,, -)
We define two graded rings
R;n = @ HO(S"’YH Q®k)7
k>0
Rl = @l'&nHo(Sm,g‘gk).
k>0 ™
For this, recall that H°(S,,,w®*) denotes the space of Deligne’s false modular forms. For any
m,n > 1 we also define the functor

Tm,n : SChSm Sets

(X 2 Spm) — Isomg, ((Z/p"Z)x,7*Pr).

By definition there is a natural Igusa tower

Tm+1,n+1 E— Tm+1,n tee Sm+1
Tm,n+1 — Tm,n e Sm

Spec(Vimnt1) — Spec(Vinn) — -+
and the group (Z/p"Z)* acts on Ty, ,, via the formula a(¢,,) = o™ 4h,.

Claim A. T, , is represented by a finite étale S,,-scheme Spec(V,, ) and
(Z/p™Z)* acts freely on Spec(Vi, ) with the quotient S,.

Proof of Claim A. To show this, we may assume that .S,, is connected. When
P, is the constant sheaf (Z/p"Z)s,,, the functor is represented by the scheme

L] Sm
«€E(Z/pmL)>
and the other statements follow immediately. For a general P,, we can find a

finite étale Galois covering SJ, — S,, with Galois group G such that P,| s: is
constant. Let T,’nm be the restriction of the functor T, , to Schs, . By the
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above discussion, Ty, , is represented by a finite étale S,-scheme Spec(V,), ).
Since Py, is defined over S,,, the sheaf P/ = P, xg S, carries an action of the
Galois group G which induces an action of G' on the functor 77, ,, and hence
on the scheme Spec(V}, ,,). The claim follows from standard results in Galois

descent.

We define a homomorphism
B(m): R, = Vinom = T(Tom, O) = Vinoo

“

as follows. On vp,: Tpm — Sm we have a “universal isomorphism” vy, : (Z/p™Z)71,, .
vk (Pm) of constant sheaves. The element 1 € Z/p™Z gives a section in I'(Tyym, Pm), and
hence an invertible section in I'(T, m, wm ), which is denoted by wean(m). Define

Z Z fi ;

fz - @1 f'L EF(vag%l)
wcan( )

This construction leads to homomorphisms

B(m) R,m = @HO(SmaE%k) — Vm,m — Vm,ooa

k>0
B(00): Rl = @D lim HO(Sm, w¥) = lim Vi oo = V.
k=0 ™ m

Claim B. [(m) is not injective for each m > 1, whereas 3(oc0) is injective.

Proof of Claim B. In fact, we may regard V;,, », (resp. V') as the ring of functions
that associates the pair

(’7: X = Sy ¥m: (Z/me)X — 7*737")

to some section in I'(X,Ox), being compatible with the base change. The
action of (Z/p™Z)* on the isomorphisms 1,’s (resp. the action of Z) on the
isomorphisms ¢'’s) induces an action of (Z/p™Z)* (resp. Z, ) on the ring Vi, ,
(resp. V). Explicitly, for a,,, € (Z/p™Z)* and fp, € Vin.m, we obtain

Olm(fm)(7: X — Sm>¢m) = fm(’Y! X — vaar_nlwm)-
And for a € Z) and f €V,

a(f)(v: X = S,9) = f(v: X = S, ').

Under the above interpretations, the homomorphism ((m) identifies H°(S,,,w®*)
with the subspace of functions in V;, ,, on which (Z/p™Z)* acts via the char-
acter a — a®. In particular,

B(m)(HO (S, w®*)) = B(m) (HO(Syn, w®*F D7) € Vi,
and hence B(m) is not injective.

On the other hand, $(oo) identifies lim HO(S,,,w®") with the subspace

of functions in V' on which ZX acts via the character & — aF for all k£ > 0.
Recall that T), , = Spec(V,, n) is finite étale over S,,, and hence V,, , is a flat
W,-algebra. Therefore, V;, oo = li an is also a flat W,,-algebra. Since
V= hm Vin,co We see that V' is p- adlcally complete, i.e.,

V 2 lin V/7™V, V[TV 2 Voo

Also, V is flat as a W-algebra, i.e. V is w-torsion-free. Combining with the
above interpretation of §(00), we see that 5(c0): RL, — V is injective.
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Since V and R, are flat W-algebras, we have the following commutative diagram of inclu-
sions:

R B(o0)

|

RL 1] L2 vy,

Theorem 8.1. Define D' = ,B(oo)(Rgo[%]) NV. Then the natural inclusion v: D" — V induces
an isomorphism

~

tm: D' 7D = V/7m™V, m > 1.
In other words, V is the p-adic completion of D'.
Proof. Tt follows from the definition of D’ that V/D’ is W-flat. Hence the exact sequence
0D -V —=V/D'—0

remains exact when tensoring with W,, over W. Hence t,,: D'/7™D’ — V/7x™V is injective.
To show the surjectivity, by Nakayama lemma, it suffices to show that

t1: D'/eD" — V7V 2V

is surjective. Pike some f € V;, C Vi and choose one of its lift F' € li_n;l Vim of f € Vi
Here the integer m is sufficiently large such that m > n and 7™~ 1/(p™ — 1)! € W (namely, m
has a non-negative p-adic valuation). It boils down to show that

7™ 1. F e B(oo)(RL,) + 7"V
as this implies that F' € D' + wV. Let F,, be the image of F' under the morphism
W Vi = Vi = Vinm:
l

So it is enough to show that 7™~ F,, € 8(m)(R),), or equivalently, the inclusion
7" Wn C B(m)(RL,) C Vinm.-

For this, we first assume that P, is the constant sheaf given by Z/p™Z on S,,, = Spec A. Then,
due to the representability argument before,

Tm,m = |_| Sma Vm,m = |_| Am = Maps((Z/me)X,Am),
a€(Z)pmL)* a€(Z/pmL)*

where A4, = T'(S,, O) is a Z/p™Z-algebra. Note that the invertible sheaf w,, is trivial on S,,,
and hence

R = @HO(Sm,g@“) >~ A [X].
k>0
Under this isomorphism, the map S(m): R], — Vin.m is just to interpret the polynomials over
Ay, as functions on (Z/p™Z)* with values in A,, (this makes sense since p™A,, =0 as 4,, is a
Wy, = W/n™mW-algebra), and the inclusion Vi, , < Viy.m becomes the natural inclusion
Maps((Z/p"Z)*, Ap) — Maps((Z/p™Z)*, A), m > n.
We need to show that
7™ "Maps((Z/p"Z)*, A,,) = Maps((Z/p"Z)*, 7™ ' A,,) C Im(B(m)).
Notice that 7™~ 1A, is an F-vector space. The space Maps((Z/p"Z)*,F) admits a Mahler

basis, whose elements are of the form (f) with 0 <7 < p™ — 1. Since

Maps((Z/p"Z)* , 7™ A,,) = Maps((Z/p"Z)* ,F) @z 7™ A,
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we see that any element of 7™ *Maps((Z/p"Z)*, A.,) is of the form

p"-1 -
Z ai<,>, aiEﬂ'm_lAm.

It follows from our choice of m that

am=t (j) eW[X], 0<i<p"—1,

and hence 71 F,,, € B(m)(R.,).
Now we consider the general case. We can find a finite étale covering Spec A — S,,, = Spec 4,,
such that P|spec 4 is constant. From the above discussion, we have

T Vi ®4,, A C B(m)(R, @a,, A),
i.e. the map
am—L. Vm’n KA, A— Vm’m RAm A/,B(m(R;n QA A))
is the zero map. Since A is faithfully flat over A,,, we see that

7Tm_1: Vm,n — Vm,m/ﬁ(m)(R;n)
is the zero map, i.e. 771V, C B(m)(R.,). O

Now assume that M is a proper smooth scheme over W, whose fibers are geometrically
connected curves. For example, one may take M = Mp/W. Denote M,, = M Qw Wp,.
Suppose there exists a finite set Q of closed points of My, such that S; = M;\Q is still affine.
We obtain an invertible sheaf w on M and a p-adic étale sheaf P = (P/p"P),>1 on S, of rank
1 such that w induces the sheaf P ®z, Og,, on S,,. Notice that w®®P=1) ig trivial on S; as we
have canonical isomorphisms

(P @z, 05,)°7~D = (P/pP)*@ ™V @z/,1 Os,,  (P/pP)**~1) = Z/plL.
Let A € H°(S;,w®®=1) be the section corresponding to 1 € Z/pZ under this isomorphism.

Theorem 8.2. Suppose that A extends to a section A € HO(M,w®P=V)) which vanishes at
points of Q. Define
R = @ HO (M, w®).
k>0
Then we have
R CR. CV.
Set D = Roo[2]NV. The inclusions D C D' C 'V induces isomorphisms

1
P
D/a™D = D'/z™D' =2 V/x™V, m>1.
Proof. The inclusion D C D’ follows from

HO(M,Q®I€) _ @HO(Mm,Q%k)

m

and the injection HO(M,,,w®*) — HOY(S,,,w®) for every m > 1. By the same argument as
in the proof of Theorem 8.1, we see that D/7™D — V/7™V is injective for all m > 1. Again
by Nakayama lemma, it suffices to show D/7P — D’/zD’ is surjective. The invertible sheaf w
on M; has positive degree since H(M;,w®®~1) has a nonzero section A which has zeros. We
choose an integer v > 0 large enough so that

deg(w® P~ V]py,) > 29 — 2,
where ¢ is genus of M;. Then the section A” € HO(Ml,g‘g”’(”_l)) lifts to a section & €
HO(M,w®"®=1)) (the obstruction of this lifting lies in H*(M;,w®”®~1) which is zero by our
assumption on v). We view £ € R, as an element in V under the inclusion R, C R, C V,
and we have £ € 1+ 7V. In fact, it is enough to show € mod 7 = 1 in V/7V = V; o, and
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this follows from the construction of the section A which shows that the image of A in V ; is
the function 1. The open subscheme S, of M, is defined by the open subset where the global
section £ € H(M,w® (®=1) is invertible. So we have

HO(Mm, g®Ic-|—m/(p—1))
En

HO(S,, wB) =i

=ty
Now we can prove the surjectivity of the map D/xD — D'/wD’. Given an element f €
R, N7V (or equivalently, pimf € R’OO[%] NV = D’), we need to show that there exits g € D
such that

f =g mod 7™V,

Clearly we may assume that

[ = fi € Jim HO(S,0, %)

m
for some i > 0. By the formula above, we can find
g€ HO(Mm’Q®(i+NPmV(P—1)))’ N >0,

such that f; = g/ENP" mod 7R/ . Since £ € 1 + 7V, we have 1/ENP" € 1 + 7™V, Tt
follows f; — g € 7™V ie. f € Roo + 7™V and hence D/nD — D'/wD’ is surjective. [

Now we give a rough idea on how to construct the desired A-adic forms under the above
abstract setting. Recall that

V=1mV/7"V =1lmV;,
s o
is a flat W-algebra and W, oo = V/7™V is a flat W,,-algebra. We set
1
V= li_n}V/me = hﬂ ﬂ—mV/V,

which is a m-divisible W-module. We have defined an action of Z;j on V and it induces actions
of Z; on V/7™V for m > 1. We regard V as a discrete W-module and its Pontryagin dual

V* = Homy (V, K/W) = lim Homyy (V["], WimW/W)

is equipped with the profinite topology and then a compact W[Z;;]]—module. Also, recall that
v: Z, — W™ is the inclusion character. For a W-module M with a W-linear action of Z; and
k > 1, we denote by M[v*] the submodule of M on which Z, acts via the character v*. Under
this notation, we have

(_

V[*] = lim Vi oo [v*] = m Vi 1 [,
m m
here the last equality uses the fact that V,,,  is a W,,-module. Note that we have shown that
the image of the homomorphism B(m): HO(S,,,w®*) — Vi,.m equals Vi, 0 [VF].
Now assume that we have a W-linear idempotent map e: V' — V which is compatible with

the action of Z;. We make the following two assumptions on e:
(1) e(Af) = A-e(f) for all f € HO(Sy,wP*) and all k;
(2) dimg eH(M/K,w®*) is bounded independently of k.
The following (2’) is impulsed as a stronger version of (2) which will be used to make Theorem
8.4 more transparent.
(2') dimg eH°(M/K,w®*) depends only on k (mod p — 1) for k > ko, with some given
positive integer k.
Recall that we have an isomorphism B(m): H°(S,,,w2*) — Vi, m[vF]
claim:

o dimp eHO(Sl,gi@k) is finite and bounded independently of k& < 1.

. Obtaining this, we
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In fact, one can consider the injective map by multiplying A® as follows:
A% HO(Sy,w*) — HO(Sy, w71,

Let {fy,...,f;} be a set of linearly independent sections in eH(S;,w®*) that can be lifted
to f; € H°(S1,w®") for each i. By assumption (1) above, the sections {e(£% - f;)}iz1, . are
linearly independent over K in H°(S,w**+*®=1). On the other hand, we know that

£s. fi c HO(M/K,g®k+S(p_1))quads > 0.

It follows that
dimp eHO(Sl,g?k) <D
if D satisfies for all k that dimg e H* (M x,w®*) < D. We also observe that dimx e HO(M) g, w®*)
only depends on k modulo p — 1 for k> 0.
The idempotent map e: V' — V induces an idempotent map e: V/7™V — V/7™V for every
m > 1 and hence induces idempotent maps e on V and V*. Set Vo,q =e-V and Vi  =e- V™.
For any k > 1, we observe that

(a) Viq Qwizx).+ W is the Pontryagin dual of Vora (V]

(b) Viq Qwizxyr W Ow W/nW is the Pontryagin dual of Voq[v*][n] (this is isomorphic

to a finite-dimensional F-vector space eH?(S1,w?) via 4(1)).

Lemma 8.3 (Topological Nakayama lemma). Let (A, m) be a complete local ring and M be a
profinite A-module. If there exists a closed ideal a of A such that M/aM is finitely generated
over A/f, then M is a finitely generated A-module, and the minimal number of generators of
M over A is equal to that of M/aM over A/a. In particular, if M/aM =0, then M = 0.

Since V4 is a profinite W[Z]-module, we write

V::rd = @ ;rd[X]’

XEAV

where VZ [x] is the A = W[1 + pZ,]-submodule of VZ , on which A acts via the character
X: A — W*. For each integer k > 1 that corresponds to weight kj such that xi|a = ¥,
we have a finite-dimensional F-vector space (Vi4[x] ®p.0r W) @w F ~ VI [x] @4 F. By

O

topological Nakayama lemma (c.f. Lemma 8.3), VX ,[x] is finitely generated as a A-module,

and dimp eHO(Sl,g?k) only depends on x = ki|a. Suppose it is generated over A by d, =
dimp V* 4[x] ®a F elements. Then there is a surjective A-linear ¢: A% — V= [x], and ¢ spe-
cializes to weight ry, via v¥: A — W, written as

¥ ®A»Vk W de — V:rd [X] ®/\,1/’c W.

It turns out that this is an isomorphism for all k£ > 1. Then so also is . Hence V7 4[x] is a free
A-module of finite rank d,.
Since dimy eHO(S;,w?") is finite, we see

eHO(Sy, w01y = e HO(My, PR s> 0.

Also, every element in e H%(S;,w®") lands in HO(M;, g?kﬂ(p_l)) after multiplying a sufficiently
large power £°. Hence we have

eH(S,w®" @ K/W) = eH" (M jw,w®" @ K/W) = Vora[V"] = ligevm,m[yk], k> 0.
m
For such a k, we summarize the above discussion in the following theorem:

Theorem 8.4. Suppose the existence of the idempotent e and the assumptions (1) and (2)
before. Then Vi, is a finitely generated projective W[Z,|-module which satisfies

(6}

V*rd ®W|IZZ>)<]]7V’C W = HOmW (eHO(M/W,g®k), W).
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For every character x € AV, VZ* 1[x] is a free A-module of rank d,. Under the stronger assump-
tion (2'), the same result holds for all k > k.

Also, notice that with M = Mrp, eH°(M y,w®") is the ordinary part of Hecke algebra.

9. p-ADIC FAMILIES OF ORDINARY MODULAR FORMS

We introduce some notations. Denote pAlg,y, the category of p-ordinary complete W-
algebras. Define the functor for n > 0 that

ER: pAlg Sets
E' is an elliptic curve over R,

R+——— S (E/R,¢r,¢pn) | ¢r is the I-level structure, 3 /= .
and ¢pn : fipn = E

For n = 0, we obtain a universal elliptic curve Sﬁ’rg /W = YIP/rW as well as a finite étale covering
6?1”‘2 N gord ~ 0}”3‘/7
which further extends to the smooth compactification
€°’d — XI‘Zr/dW.
Now let E — S := Xl‘i;‘%,v be the generalized elliptic curve. We obtain a natural exact sequence

0 —— E°[p"] —— E[p"] —— E*[p"] —— 0
Il Il
CTL P‘n

as group schemes over X' = §. We denote S,,, = S xyw W,,. Then points of Spec(V,,.,) can
be interpreted as 1somorphlsms over S, between P,, and Z/p"Z.

Theorem 9.1. For each m > 1, we obtain
& = Spec(Vin.n) = Isomg,, (P, Z/p"Z).
This further gives an isomorphism v : P, — Z/p"Z over A.

Proof. This follows from the properties of Cartier duality. If Spec A is an affine scheme over
S, such that there exists an isomorphism 9: P, a4 — (Z/p"Z)spec 4, We can take the Cartier
dual of the morphism E[p"]aPpn 4 = (Z/p"Z)spec 4 and get an injective morphism p,» — E[p"]
over A. This gives an A-valued point of Spec(Vp ). Since Cartier duality is perfect, we can
reverse the above process and get the desired isomorphism. O

By post-composing ¢ with E[p"] — P,, and taking the Cartier duality, we can recover the
morphism p,» — E[p"] over A.

Corollary 9.2. Let f: E — S, be the generalized elliptic curve defined above. Denote 0: Sy, —
E the zero section of f. Then we obtain a canonical isomorphism

f*Q]E/Sm =Wg/s,, =P Qz, Og,, .

Proof. By definition we write f.Qg/g,, = 0"Qg/g, . On the other hand, C,, is an S,,-subscheme
of E[p™]. We are to use the following essential fact at work:

o Let A be a Z/p™Z-algebra and set ji,m = Spec A[T]/((1 + T)?" — 1) as a scheme over
A. Then Q, .. /4 is an invertible sheaf on ji,m /A.
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Consequently, Q¢ /s, is an invertible sheaf on C,,, with a surjection
Qg/s,, ®og Oc,, — Qe,, /8-
Then we get a surjection between pullbacks along the zero section, read as
0"Qg/s,, — 0" Qc, /s,
which is further an isomorphism. By Cartier duality, we have P,, = Hom(C,,,G,,). For any
morphism ¢: Cp, = Gy, = SpecZ[t, t71], we get a section ¢*(dt/t) € Qc, /s, by writing G, =
Spec(Z[T, T71]) xz Spm. As a mimic of Hodge-Tate map, we get a surjective morphism
P ®@z/pmz Os,, —= Qc,./Sm
6 —— ¢" (%)
that is indeed an isomorphism. Therefore, as desired,

WE/S,, = f*Q]E/Sm & O*QE/Sum ®Zp OSm~

Let A € pAlg,y,. We set
Voja =mVpw @w A/p" A.
n
Each f € Vp/w is arule which assigns an element f(E/R, ¢r, ¢p< ) to every triple (E/R, ¢r, pp-)

defined over a p-adically complete A-algebra R satisfying:

(1) f(E/R,¢r,¢p~) only depends on the isomorphism class of the triple (E/R, ¢r, ¢pe);

(2) f(E/R,¢r, pp~) commutes with arbitrary base change;

(3) For any level I'-structure ¢r on the Tate curve Tate(q), if we let ¢S32: iy — Tate(g")
be the natural morphism, then we have

f(Tate(q"), ér, 6522) € A @y Zq].-

If the element f(Tate(¢"), ¢r, ppa) further belongs to ¢ - A ®z Z[q], then f is called a p-adic
cusp form of level T'.

Theorem 9.3 (Density theorem). For any W-algebra A, we define

M(T; A) :== €D HO(My )4, w®).
k>0
Then the following subset of Vp[%]:

is dense in Vpw with respect to the p-adic topology. This p-adic topology coincides with the
topology induced by the notion |f| = sup,, |a(n; f)|, for each f € Vr w . Also,

f(Tate(q"), ¢r, dp) = > a(n; f)q"

n=0
for any fived level-T' structure on Tate(q').

Proof. Following the recipe provided by [Kat73], the second statement follows from the fact
that Spec(Vi,,,) is an irreducible smooth scheme over S,,, as well as the following fact. If f is
a global section of a coherent sheaf on an irreducible smooth curve M over W,,, which is 0 on
the formal completion at a closed point of M, then f = 0. ]
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We now give an explicit expression of the inclusion

B: M(; A) = @) H (M4, w®*) — Vi)
k>0
for a p-adically complete W-algebra A.

Suppose that we are given a triple (E/A, ¢r, ¢pe: pipee — E). The invariant differential
dt/t on G, = Spec(Z[T,T~']) induces an invariant differential wean on f1ye. For m > 1, we set
A, = A/p™A, and let C,, /A be the identity component of the finite flat group scheme E[p™]/A.
The morphism ¢, induces an isomorphism mu,m — E°[p™] over A. As we see in the proof
of Corollary 9.2 before, we have isomorphisms 0%, .. /a,, £ 0" Qp/a, S wp A The invariant
differential wean on pp then gives a basis of the A,,-module wp A Then taking inverse limit
for m, we get a basis of wp /4, which is denoted by ¢pe wwean. Then [ is defined as

IB(f)(E/Aa¢Fa¢pw) = f(E/A7¢F,¢p“,*wCan)'
In particular, if f € H°(M,,,w®*) then we have 8(f) € Vr, a[V¥].

10. HECKE OPERATORS

Let ¢ be a prime number and R be a ring such that /~! € R. Fix a prime-to-£ integer N. Let
E be an elliptic curve over R. Suppose there exists a finite étale ring homomorphism R — R’
such that over R’, we have E[{|p = (Z/VZ)%,. 1t turns out that E[f]g has ¢ + 1 finite flat
subgroup schemes of rank ¢ over R’. Let H C E[{] be such a group scheme. Let 7: E — E/H
be the natural projection and 7*: E/H — FE be its dual map.

For a triple (E/R,w,¢r(n)) consisting of an elliptic curve E/R, a basis w of wg g, and
a level-I'(N) structure ¢r(yy over R, we define another triple (Er//H,w’, ér(ny,u), where
Ep /H is the quotient of Ep: by H, wjy is the basis of wp,_, /gy p defined by 7*(wjy) = w,
and ¢r(n) i (Er /H)[N] = (Z/NZ)%, is the level structure on Er//H defined over R’ via the
commutative diagram:

ER/[N] z (ER’/H>[N]
m %{
(Z/NZ)2p.

One can also define a I'1 (IV)-level structure on Er//H from a level I'y (N)-structure on E/R by
a similar construction.
Let f be a modular form of weight k and level I' = T'(IV) or I'1 (IV) over R. We define

ITONE/R w60 =5 S f(Br/H, ybr.),

HCE[N]/R/

where the sum is taken over all finite flat subgroup schemes of rank £ of E[{],r,. We can deduce
from the g-expansion principle that (f|T(¢))(E/R,w, ¢r) € R and it is independent of the choice
of R'. Hence (f|T'(¢)) is a modular form of weight k and level I over R. This T'(¢) is called the
Hecke operator on the space of modular forms of weight & and level I" over R.

More generally, if ¢ is not invertible in R yet not a zero divisor, we may define first 7'(¢) on
modular forms of weight k and level I' over R[}], and then show that T'(¢) leaves modular forms
over R stable. Moreover, if ¢ | N and I' = T'; (), notate the image of level-I' structure by C
via ¢r: Z/NZ — E, and henceforth

IUONE/Rw.dr) =5 S f(Er/H, iy, br.m)

HCEIN], pr

where H runs over all finite flat subgroup schemes of E[¢]rs such that H N C = (0).
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Let p > 5 and A be a p-adic W-algebra. We define the Hecke U(p)-operator on Vr,4 as
follows. Consider the short exact sequence of finite flat group schemes over R:

0 — pp 22 E[p] 22 Ep] — 0
as well as the triple (E/R, ¢r, ¢pe: fipe — E). Suppose these are defined over a finite étale
extension R’ of R such that over R’, there are exactly p finite flat subgroup schemes H of E[p],
just so v,: H — E®[p] is an isomorphism. For such an H, let ¢,~ x be the composite
¢poo
¢poo’H: Hpoe R = Er — ER//H.
For each f € Vp, 4, we define
1 /
(FIlUD)E/R, ¢r,dp<) == > f(E/R ¢ru,bp~n)
HCE[p]/R

However, the following map for I' = I'(N) is not Hecke-equivariant:

graive: @ HO (Myyw, w®*) — Viyw,
k>0

because the left-hand side carries the T'(p)-operator whereas the right-hand side carries the
U (p)-operator. Instead, one should replace the map above with

B: @HO(MmFl(p)/W,Q@)k) — Vryw,
k>0

where the left-hand side is a subgroup of ®k>0 HO(MF/W,g®k). Now both sides carry the
U (p)-operator, and 8 is Hecke-equivariant.

Proposition 10.1. The Hecke operators T'(£) for £ Np, and U({) for £ | Np on Vp,w, give
continuous endomorphisms on Vrw and Vv nyw,, for all m,n.

Proof. The statement follows from the g-expansion principle and a careful computation of Hecke
operators on Tate curves. We refer to [Kat73, §1.12] for a careful discussion. We give a list of
formulas of the Hecke operators on p-adic modular forms in the case of I'y (INV)-level structure.
Fix a triple (Tate(q¢"), ér,(n), Pp=). For f € Vpy, we denote by a(n; f) the ¢"-coefficient of
the g-expansion to f(Tate(q'), ér, (N, Pp=). For £1 Np, we define

(f'é)(Ta’te(qN)a ¢F1(N)a ¢p°°) = f(Ta‘te(qN)a l- ¢F1(N)a£-1 . ¢p°°)'
Under the above notations, we have for £{ Np that
a(n; (fIT(0)) = a(tn; f) + £ a(n/t; (f10)),
and for £ | Np that
f(n, (F1U())) = a(tn; f).

Corollary 10.2. The limit e = lim,, o, U(p)™ exists and gives an idempotent in Veyw .

Proof. Tt follows from the fact that the limit lim,, ., U(p)™ exists in

M(T;K) = @ HO(Mr/, w®")
k>0

and Theorem 9.3. O
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11. ANALYTIC FAMILY OF p-ADIC ORDINARY MODULAR FORMS

The space Vr w of p-adic modular forms is a flat W-module with an action of Z;. A p-adic
modular form f € Vp w is of weight s € Z,, if 2(f) = 2° - f for all z € 1 + pZ,. Recall that we
fix a topological generator w = 1+ p of 1+ pZ, and an isomorphism A = W[1+ pZ,] — W[X],
sending [u] to 1 + X.

Definition 11.1. A formal series
(X,q) =Y _ a(n; ®)(X)q" € Ald]
n=0
is called an A-adic modular form if ®(u®—1, q) is a p-adic modular form of weight s for all s € Z,.
The set of p-adic modular forms {®(u® — 1, ¢q)}sez, is called a family of p-adic modular forms.
A A-adic modular form @ (or the family {®(u® — 1,¢)}sez,) is called arithmetic if ®(u* —1,q)
is a (true) modular form for almost all positive integer k. We call ® a A-adic cusp form if
®(u® —1,q) is a p-adic cusp form for all s € Z,.
Recall that A = W[X] can be identified with the space of bounded measures
Meas(Zy; W) = Homw (C(Z,, W), W)

over Z, with values in W via the formula

/ (1+ X)*do(2) 22/2 <;>d¢(z) X"

P

Denote the right-hand side by ¢(X). Here saying a measure ¢ is bounded means that

< |flp = sup [ £(2)p-
» 2€ZLyp

/Z J@)is )

Under the homeomorphism Z,, — 1+ pZ,, via z — u*, we can identify A with Meas(1+pZ,; W).
In particular, let X = u® — 1 in the above formula, we have

/ Fdo(t) = d(u* — 1).
14+-pZy

We can generalize the above notion to bounded measures on 1+ pZ,, with values in Vp /<
Wq] as the letter spaces are equipped with the norm | f[, = sup,,>¢ |a(n; f)l, for f =32, 5o a(n; f)g".
Then a A-adic form ® can be identified with a bounded measure on 1+ pZ, with values in Vi y
and it satisfies

/ x%d® = Za(n;@)(us —-1)-¢", Vse€Z,.
1+pZy n>0
If T: Vryw — Vryw is a bounded W-linear map, then for any A-adic form ®, T o d® is also a
bounded measure on 1+ pZ, with values in Vp/y, and it corresponds to a A-adic form (®|T’).
In particular, we get a Z-action and Hecke operators on the space of A-adic forms.

Definition 11.2. Let A be a p-adically complete W-algebra. A p-adic modular form f € Vp /4
is called p-ordinary if f € eVp/a. A A-adic form @ is p-ordinary if ®(u® —1,q) € Vp w is
p-ordinary for all s € Z,,.

We denote by M4 (T, A) (resp. S°"4(I',A)) for the space of p-ordinary A-adic forms (p-
ordinary A-adic cusp forms) with level I'. We also denote by H°'4(T',A) (resp. h°*(T,A))
for the A-subalgebra of Enda (M°*4(T', A)) (resp. Endy(S°"4(T, A))) generated by all the Hecke
operators.

Theorem 11.3 (Vertical control theorem). Under the above notations, we have
(1) Ho"(T,A) =2 V2, and HO(,A) @5 0 W = HIFY(T N T (p), W) for k > 2.

ord’

(2) M4, A) = Homp (Vig, A).
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(3) M°*YT, A) is free of finite rank over A.

(4) Fork > 2, the specialization ® — ®(uk —1,q) induces an isomorphism M°*4 (L', A)®,
W = Mg (T NTy(p), W).

(5) All p-ordinary A-adic forms are arithmetic.

Proof. For any n > 0, the map a(n): Vora — K/W which assigns f € eVp,w to its coefficient
of g™ is an element of V7 ;. Consider the map

() Homy, (Viq, A) — Algl, &+ dla(n))g" =: ®(X, q).

n>0
Since V; 4 is a finite free A-module, we have
Homy (V5,45 A) @n,r W = Hompy (Vorq ®w,r W, W)
&~ Homyy (Homy (M N Ty (p)), W), W)
= MR"(I' NT1(p))-

If we write down the above isomorphism explicitly, we see that the power series ®(X, q) defined
in (*) satisfies ®(u* — 1,q) € M"4(T' NTy(p), W) for all k > 2. Hence t he map in (x) gives an
isomorphism

Homy (Viq, A) — M, A).

ord»
This proves (2). The other statements follow from the duality between the space of ordinary
A-adic forms and its Hecke algebra. d

Remark 11.4. We may consider the subspace Vord,cusp C Vora 0f elements whose constant terms
of the g-expansions are 0. The above theorem holds if we replace M(I',A) (resp. Vi4) by
S(T',A) (resp.

" )
ord,cusp
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