
STALKS OF AUTOMORPHIC VOGAN SHEAVES FOR THE STEINBERG
PARAMETER OF GLn

1. The main conjecture

1.1. Vogan sheaf. We first fix notation to define the Vogan stack, and then construct the Vogan
sheaf with weight.

Notation 1.1. We use the same notation as in David’s talk.
• For n 󰃍 2, take G = GLn over a finite extension E/Qp with residue field Fq. Take coefficient

ring Λ = Qℓ with ℓ ∕= p and fix q1/2 ∈ Λ.
• Let T ⊂ B ⊂ G be the maximal split torus and the standard Borel in G. For 1 󰃑 i 󰃑 n − 1,

denote by αi := ei − ei+1 ∈ X∗(T̂ ) the simple roots of GLn.
• Let ϕ be the semisimple L-parameter such that ϕ(IF ) = 1 and ϕ(Fr) = δ1/2, where Fr is the

geometric q-Frobenius and

δ1/2 := diag(q(1−n)/2, . . . , q(n−1)/2) ∈ T̂ (Λ).

Note that the finite Weyl group W = Sn acts on δ1/2 by permuting the diagonal elements, so we get
the G-conjugacy class [ϕ] ∈ (T̂ //W )(Λ).

With Notation 1.1, we construct the Vogan sheaf Lk as follows. Recall from [Han23, §1.3] that the
Vogan stack VĜ,ϕ at ϕ parametrizes nilpotent elements N ∈ gad ϕ(IF ) such that ad ϕ(Fr) · N = q−1N

up to Sϕ-conjugacy, where Sϕ := CentĜ(ϕ). For G = GLn, we have

VĜ,ϕ An−1/T̂ Parunip
Ĝ

BT̂

= ι

as a closed substack of the stack of unipotent L-parameters for Ĝ. This diagram depends only on [ϕ].
Note that ι factors through Parur

Ĝ
↩→ Parunip

Ĝ
because of the condition ϕ(IF ) = 1.

We then fix k = (k1, . . . , kn) ∈ X∗(T̂ ) and consider its associated weight character

χk : diag(t1, . . . , tn) 󰀁−→ tk1
1 · · · tkn

n

on T̂ = Gn
m, valued in Λ×. Viewing this χk as a coherent sheaf on BT̂ , its pull-push along the diagram

above yields a coherent sheaf
Lk := ι∗O(k) ∈ Coh(Parunip

Ĝ
),

where O(k) on An−1/T̂ is the pullback of χk from BT̂ .

1.2. The Steinberg stalk. Assume the categorical local Langlands equivalence. Then Lk corresponds
to an automorphic sheaf Laut

k on BunG. As we are interested in the smooth irreducible representation
corresponding to Lk, we aim to compute the stalk i∗

1Laut
k , where i1 : Rep(G(E), Λ) → Dlis(BunG, Λ).

More generally, one can also consider i∗
bLaut

k for basic b ∈ B(G)bas, with ib : Rep(Gb(E), Λ) →
Dlis(Bunb

G, Λ). In the GLn case, this is called the Steinberg stalk as it turns out to be some generalized
Steinberg representation πI defined as follows, up to a cohomological degree shift (see Conjecture 1.4).

Definition 1.2. Given a subset I ⊂ {1, . . . , n−1} with elements i1 < · · · < ik, we obtain the standard
parabolic subgroup PI with Levi GLi1 × GLi2−i1 × · · · × GLik−ik−1 × GLn−ik

. Define the generalized
Steinberg representation πI as the unique irreducible quotient of C(PI(E)\G(E), Λ).
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Note that the πI’s are exactly the irreducible representations whose semisimple L-parameter is ϕ

(corresponding to δ1/2). It is a standard fact that the map I 󰀁→ πI assigned by Definition 1.2 above is
actually a canonical bijection.

We point out that in Zhu’s context [Zhu25], the construction of Laut
k from Lk is unconditional at

the tame level. In this note, we work for simplicity at the unipotent level, and then Zhu’s proof yields
an equivalence functor Lunip. To apply Zhu’s result, we need to change BunG to IsocG, and replace
Dlis with the sheaf theory on IsocG. Moreover, the stalk i∗

bLaut
k must be written as i!

bLaut
k instead; see

[Zhu25, 1.2.1, 1.2.3] for more background.

1.3. Inner forms. Pick any integer d and let bd/n = bd be the basic isocrystal of slope d/n. Write
n′ := n/(d, n) and d′ := d/(d, n) (where we declare (0, n) = n). Take Dd′/n′ as the unique central
division algebra over E with Brauer invariant d′/n′ ∈ Q/Z. Then Gbd

= GL(d,n)(Dd′/n′) gives an
inner form of G (recall that for G = GLn over E, any inner form must be of the form GLm(D) with
deg D = n/m). Note that Gbd

depends only on d mod n, because the image of Brauer invariant d′/n′

in Q/Z depends only on d mod n.

Fact 1.3. There is a canonical bijection between generalized Steinberg representations of Gbd
and

subsets I ⊂ {1, . . . , (d, n) − 1}.

Due to this fact, we can generalize the previous construction I 󰀁→ πI from representations of G(E)
to representations of Gbd

(E).

1.4. The main conjecture. Fix integers d, n as before. For k = (k1, . . . , kn) ∈ X∗(T̂ ) of degree d,
i.e., k1 + · · · + kn = d, there are unique integers mi ∈ Z such that

k = ωd +
󰁛

1󰃑i󰃑n−1
miαi.

Here ωd ∈ X∗(T̂ ) is called the Steinberg weight vector of Gbd
, defined as

ωd := (⌈d/n⌉, ⌈2d/n⌉ − ⌈d/n⌉, · · · , d − ⌈(n − 1)d/n⌉).

Notice that ωd is an n-tuple of degree d. In particular, k − ωd is of degree 0.

With the notations above, we state the main conjecture as follows.

Conjecture 1.4 (Hansen). Fix n, d as before. Suppose k has degree d. For each 1 󰃑 i 󰃑 n − 1, define
δi ∈ {0, 1} by setting δi = 1 if and only if n′ = n/(d, n) divides i. Then we expect

i∗
bd

Laut
k = πIk

󰀅 󰁓
j∈Jk

(δj − 2mj)
󰀆

between derived complexes in Rep(Gbd
(E), Λ) that are concentrated in degree 0. Here,

◦ Ik := {i ∈ {1, . . . , (d, n) − 1} | mn′i 󰃑 0};
◦ Jk := {i ∈ {1, . . . , n − 1} | mi > 0};
◦ πIk

is the unique generalized Steinberg representation of Gbd
(E) corresponding to Ik.

In fact, the stalk i∗
bd

Laut
k is identically zero unless k has degree d. To check this, note that the

central character ωk of k on Z(Ĝ) = Gm is given by ωk : z 󰀁→ zk1+···+kn ; on the other hand, along the
Kottwitz map κG : B(G) → X∗(Z(Ĝ)Γ), we always have κG(bd) = d mod n for G = GLn.

2. Proof of Conjecture 1.4 for b = 1

In this section, we prove Conjecture 1.4 for the special case b = 1, achieved by taking d = 0. Note
that when d = 0, we have the following ingredients in practice.

◦ Gbd
= G = GLn.

◦ (d, n) = (0, n) = n, which forces Ik = {i ∈ {1, . . . , n − 1} | mi 󰃑 0} = {1, . . . , n − 1} \ Jk to
hold, and δi = 1 for all 1 󰃑 i 󰃑 n − 1.

◦ k = (k1, . . . , kn) is of degree k1 + · · · + kn = 0 (with this degree condition, we attain µk :=
k1e1+· · ·+knen = k1α1+(k1+k2)α2+· · ·+(k1+· · ·+kn−1)αn−1 by substituting αj = ej −ej+1,
and thus mj = k1 + · · · + kj).
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Therefore, Conjecture 1.4 for b = 1 can be simplified into the following statement.

Theorem 2.1. In Rep(GLn(E), Λ), for k = (k1, . . . , kn) of degree 0, we have

i∗
1Laut

k = πIk

󰀅 󰁓
j /∈Ik

(1 − 2mj)
󰀆
,

where mj = k1 + · · · + kj.

The main strategy to prove Theorem 2.1 is first reducing to computation of some RHom-complex
of derived sheaves on Steinberg stack by arguing with Jacquet module, and then constructing a free
projective resolution to get the cohomology of this RHom-complex.

2.1. Jacquet module and coherent Springer sheaf. Recall that we have defined the semisimple
L-parameter ϕ by δ1/2, whose corresponding smooth irreducible representations of GLn(E) are exactly
πI’s (where the monodromy of the Weil–Deligne parameter is parametrized by I). Thus, the stalk i∗

1Laut
k

must be a Steinberg representation up to shift. On the other hand, each πI can be characterized among
all generalized Steinberg representations by its Jacquet module rB

G(πI).

Proposition 2.2. For any I ⊂ {1, . . . , n − 1}, the Jacquet module of πI admits a direct sum decompo-
sition

rB
G(πI) =

󰁐

σ

σ(δ1/2),

where the direct sum runs over σ ∈ Sn such that I = Pσ with Pσ := {i ∈ {1, . . . , n − 1} | σ−1(i) <

σ−1(i + 1)}.

Proof. This is essentially proved in [Zel80, §2]; we omit the details. □

Example 2.3. Taking I = {1, . . . , n − 1} in Proposition 2.2, we get rB
G(πI) = rB

G(St) = δ1/2. This
coincides with the usual characterization of the (generic) Steinberg representation.

By Proposition 2.2, to compute the (semi-simplified part of) cohomology of i∗
1Laut

k , it suffices to
compute that of its Jacquet module. Applying [HHS24, Corollary 2.2.1], we rewrite this Jacquet
module via the constant term functor as

rB
G i∗

1Laut
k = i∗,T

1 CTB,!Laut
k .

But the right hand side can be computed on spectral side, where automorphic sheaf CTB,!Laut
k cor-

responds to CTSpec
B Lk := pSpec

∗ qSpec,!Lk; the spectral behavior of i∗,T
1 is the restriction of sheaves on

Parunip
T̂

= T̂ × BT̂ to the part with trivial BT̂ .

Parunip
B̂

T̂ × BT̂ Parunip
T̂

Parunip
Ĝ

VĜ,ϕ

qSpecpSpec

= ι

Thus, the essential difficulty lies in computing qSpec,!Lk. To compute this !-pullback, take V ∧
Ĝ,ϕ

and
Parunip,∧

Ĝ
to be the formal completions of VĜ,ϕ and Parunip

Ĝ
, respectively. So we have ι̂ and q̂Spec below.

Parunip
B̂

V ∧
B̂,ϕ

Parunip,∧
Ĝ

V ∧
Ĝ,ϕ

q̂Spec

ι̂

Let V ∧
B̂,ϕ

be the pullback of V ∧
Ĝ,ϕ

along q̂Spec. The result below describes these formal stacks.

Proposition 2.4 (Xiangqian Yang, see [Yan25, Proposition 3.12]).
(1) As formal stacks, there is an isomorphism

V ∧
Ĝ,ϕ

≃ (Spf Λ[v1, . . . , vn−1][[u1, . . . , un]]/(u1v1, . . . , un−1vn−1))/T̂ .
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(2) For each σ ∈ Sn, denote Pσ := {i ∈ {1, . . . , n − 1} | σ−1(i) < σ−1(i + 1)} and let Qσ be its
complement in {1, . . . , n − 1}. Then

V ∧
B̂,ϕ

≃
󰁤

σ∈Sn

(Spf Λ[vi]i∈Pσ
[[u1, . . . , un]]/(uivi)i∈Pσ

)/T̂ .

In all formal stacks above, T̂ acts on formal variable ui trivially with weight 0 and acts on vi with
weight αi ∈ X∗(T̂ ).
Proof. We morally sketch the proof idea in [Yan25] in the special case G = GL2. When n = 2, we have
δ1/2 = diag(q−1/2, q1/2). Given a Weil–Deligne parameter (ϕ, N) where ϕ is semisimple, it corresponds
to a point (x, y) on completed Vogan variety with condition ad ϕ(Fr) · N = q−1N , described by

V ∧
Ĝ,ϕ

=
󰀋

x =
󰀃

u1 0
0 u2

󰀄
, y =

󰀃 1 v1
0 1

󰀄
| u1 ≡ q−1/2, u2 ≡ q1/2, (qu1 − u2)v1 = 0}/T̂ .

Here T̂ acts on x trivially, and acts on y by weight α1. This proves assertion (1) for GL2.
For assertion (2), up to Ĝ-conjugacy, the Weyl group W = S2 permutes diagonal entries of x, and

hence V ∧
B̂,ϕ

consists of two components

V ∧
B̂,ϕ

= X∅ ⊔ X{1}.

Here X∅ corresponds to σ = id and Qσ = ∅, on which the points are (x, y) such that x ≡ diag(q−1/2, q1/2)
and y ∈ B; notice that on X∅, we always have qu1 − u2 = 0 so the variable v1 is free. Also, X{1}
corresponds to σ = (12) and Qσ = {1}, on which x ≡ diag(q1/2, q−1/2) and y ∈ B; but qu1 − u2 ∕= 0
on X{1}, so the condition forces v1 = 0. This completes the proof for G = GL2. □
Notation 2.5. To further simplify the notation, write

Xσ := (Spf Λ[vi]i∈Pσ [[u1, . . . , un]]/(uivi)i∈Pσ )/T̂ .

Then each Xσ is defined by setting vj = 0 for j ∈ Qσ inside V ∧
Ĝ,ϕ

; in particular, X := Xid = V ∧
Ĝ,ϕ

. So
Xσ is viewed as a closed substack via iσ : Xσ ↩→ X. As for the global sections, we take

OXσ
= Λ[vi]i∈Pσ

[[u1, . . . , un]]/(uivi)i∈Pσ

and also set OX/u := OXid/(u1, . . . , un) = Λ[v1, . . . , vn−1].
Throughout the notes, we use the convention that the automorphic Vogan sheaf Laut

k corresponds
to the spectral weight sheaf (OX/u)(µk) for µk = k1e1 + · · · + knen = m1α1 + · · · + mn−1αn−1.

Now, with notations above, the unipotent categorical local Langlands functor Lunip (which is an
equivalence in [Zhu25]) interpolates the equality

Lunip(Laut
k ) = ι̂∗(OX/u)(µk) ∈ Coh(Parunip,∧

Ĝ
).

On the other hand, to input the condition b = 1 (so that Gb = G), recall that the Iwahori compact
induction of the trivial representation corresponds to the unipotent coherent Springer sheaf, i.e.,

Lunip(c-IndG
I 1) = CohSprunip := q̂Spec

∗ OParunip
B̂

∈ Coh(Parunip,∧
Ĝ

).

For our purpose of computing i∗
1Laut

k , it suffices to compute

RHom(c-IndG
I 1, Laut

k ) ∼= RHom(CohSprunip, ι̂∗(OX/u)(µk)),
where the isomorphism is due to the full faithfulness of Lunip. However, as a consequence of Proposition
2.4(2), there is a natural isomorphism

ι̂!(CohSprunip) ∼=
󰁐

σ∈Sn

OXσ

of ind-coherent sheaves on X. Here each OXσ is viewed as an OX -module via the closed embedding
iσ : Xσ ↩→ X.

To summarize, combining all the arguments above, the computation of i∗
1Laut

k reduces to computing
the direct sum of derived complexes

(†)
󰁐

σ∈Sn

RHom(OXσ , (OX/u)(µk)).
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Remark 2.6. In (†), there are |Sn| = n! direct summands, and each summand is determined by Pσ ⊂
{1, . . . , n − 1} that has in total 2n−1 < n! different choices. Indeed, there is an explicit combinatorial
formula for the fiber size of the map σ 󰀁→ Pσ at each subset I ⊂ {1, . . . , n−1}. Moreover, this fiber size
is equal to the multiplicity of πI appearing in the cohomology H∗(i∗

1Laut
k ). (Granting Theorem 2.1, we

expect the cohomology of RHom(OXσ , (OX/u)(µk)) to be concentrated in certain single degree, and
so also is that of i∗

1Laut
k ; but these two degrees are a priori not necessarily the same.)

Suppose I = Pσ for some σ ∈ Sn. On the spectral side, this multiplicity of πI can also be interpreted
as the multiplicity of the image of Xσ, as a closed substack of Parunip,∧

B̂
, inside Parunip,∧

T̂
= T̂ × BT̂

along pSpec. On the automorphic side, in the context of Yang–Zhu’s proof of torsion vanishing [YZ25],
taking the global section of T̂ -part in Parunip,∧

T̂
gives a commutative Λ-algebra O(T̂ ) (also denoted by

R in [Yan25]), which essentially corresponds to the universal unramified character of T . This O(T̂ )
acts on CohSprunip and hence on (†) above. Using this setting, we identify the multiplicity of πI in
H∗(i∗

1Laut
k ) with the length of H∗(RHom(OXσ

, (OX/u)(µk))) as an O(T̂ )-module.

2.2. A projective resolution. Continue with the computation of (†). We aim to compute coho-
mology of RHom(OXσ

, (OX/u)(µk)) for each σ ∈ Sn. The technical strategy is to construct a free
projective resolution

P• −→ OXσ
= OX/(vj)j∈Qσ

−→ 0,

of OX -modules, satisfying the T̂ -equivariant condition.

Construction 2.7. Fix an arbitrary subset Q ⊂ {1, . . . , n − 1}. Then Q = Qσ for some σ ∈ Sn. We
use the following notations.

• Define NQ := {d = (di)i∈Q | di ∈ Z󰃍0};
• For each d ∈ NQ, write |d| :=

󰁓
i∈Q di and define the weight

χd :=
󰁛

i∈Q
⌈di/2⌉αi.

For t 󰃍 0, construct the t-th term of P• by

Pt :=
󰁐

d∈NQ, |d|=t

OX(χd).

This Pt is a free OX -module with a basis denoted by {ed}|d|=t. When t = 0, the condition |d| = 0
forces di = 0 for all i ∈ Q, and thus P0 = OX . For each σ ∈ Sn, the projection map P0 ↠ OXσ is
given by the natural quotient setting vi = 0 for i ∈ Qσ.

Next, we construct the differential map ∂ : Pt+1 → Pt by giving the image of each ed as follows:

∂(ed) =
󰁛

i∈Q,di>0
(−1)ε(i,d)ϑ(di) · ed−ei .

The notations in this formula are explained below.
◦ Given variables vi, ui in OX , we set ϑi(r) = vi when r is odd, and set ϑi(r) = ui when r is

even.
◦ Define ε(i, d) :=

󰁓
j∈Q<i

dj , where Q<i = Q ∩ {1, . . . , i − 1}; we also declare ε(1, d) = 0.
◦ The ei is the |Q|-tuple with 1 on its i-th coordinate and 0 elsewhere; set ed−ei = 0 if any

coordinate of d − ei is negative.
Note that the resolution P• depends on Q, but we omit Q from the notation.

Lemma 2.8. The differential map ∂ : Pt+1 → Pt in Construction 2.7 satisfies ∂ ◦ ∂ = 0.

Proof. We compute (∂ ◦ ∂)(ed). This is a linear combination of elements ed−ei−ej
. When i = j, the

coefficient of ed−2ei is given by

(−1)ε(i,d)+ε(i,d−ei)ϑi(di)ϑi(di − 1) = (−1)ε(i,d)+ε(i,d−ei)uivi = 0,

because we have uivi = 0 in OX . So it only remains to consider the case i ∕= j. Note that there are
two ways to get ed−ei−ej from ed, namely through either ed−ei or ed−ej . So the coefficient of ed−ei−ej
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in (∂ ◦ ∂)(ed) is computed as
(−1)ε(i,d)+ε(j,d−ei)ϑi(di)ϑj(dj) + (−1)ε(j,d)+ε(i,d−ej)ϑj(dj)ϑi(di).

But we always have ε(j, d − ei) = ε(j, d) − 1i<j , where 1i<j ∈ {0, 1} is the characteristic function to
test whether i < j is true or not; similarly, ε(i, d − ej) = ε(i, d) − 1j<i. Thus, for arbitrary i and j,
the two exponents of −1 above always differ by 1, so this coefficient equals zero. □
Lemma 2.9. The resolution P• in Construction 2.7 is T̂ -equivariant.
Proof. Recall that T̂ acts on vi with weight αi and acts on ui with weight 0. Fix χ ∈ X∗(T̂ ). We
claim that the following two multiplication maps of OX -modules are T̂ -equivariant:

vi : OX(χ) −→ OX(χ − αi), ui : OX(χ) −→ OX(χ).
Indeed, it suffices to consider the case χ = mαi for some m ∈ Z󰃍0, so χ − αi = (m − 1)αi. To check

the first map, for t ∈ T̂ , note that t.(via) = αi(t) ·vi(t.a) for any section a in OX . So in OX((m−1)αi),
we have t.(via) = αm−1

i (t) · t.(via) = αm
i (t) · vi(t.a). On the other hand, inside OX(mα), we have

v1(t.a) = v1(αm
i (t) · (t.a)) = αm

i (t) · vi(t.a). Comparing these two right hand sides, we identify t.(via)
in OX((m−1)αi) and vi(t.a) in OX(mαi). This gives the T̂ -equivariant property of the multiplication
by vi, and that by ui can be checked similarly. So we have verified the claim.

Back to our construction of P•. When di is odd (resp. even), we have ϑi(di) = vi of T̂ -weight αi

(resp. ϑi(di) = ui of T̂ -weight 0), and thus vi : OX(χd) → OX(χd −αi) (resp. ui : OX(χd) → OX(χd))
is T̂ -equivariant by the claim. But when di is odd (resp. even), there must be ⌈(di −1)/2⌉ = ⌈di/2⌉−1
(resp. ⌈(di − 1)/2⌉ = ⌈di/2⌉), so the target of multiplication by vi (resp. multiplication by ui) equals
OX(χd − αi) = OX(χd−ei

) (resp. OX(χd) = OX(χd−ei
)), which is the same as in P•. □

Example 2.10. We illustrate the resolution in Construction 2.7 for GL2 and GL3.
(1) For G = GL2, the Weyl group W = S2 = {id, (12)}; we have Qid = ∅ and Q(12) = {1}. Only

the latter case is nontrivial so we take Q = Q(12). Then

d = d1 ∈ Z󰃍0 = NQ, χd1 = ⌈d1/2⌉α1.

So the resolution is 2-periodic, given by
Pt = OX(⌈t/2⌉α1).

As for the differential map, we compute ε(i, d) = ε(i, d1) = 0, and hence
∂(ed) = ∂(ed1) = ϑ1(d1) · ed1−1.

Recall that ϑ1(d1) = v1 for 2 ∤ d1 and u1 for 2 | d1. To conclude, the resolution is
· · · OX(2α1) OX(α1) OX(α1) OX OX(12) 0.

P3 P2 P1 P0

u1 v1 u1 v1

= = = =

As a remark, this recovers the resolution constructed in [BM23, §2] for the PGL2 case (which is
essentially the same as the GL2 case).

(2) For G = GL3, the case of Q = {1} or {2} is essentially the same as in (1), and that of Q = ∅ is
trivial. So we only need to consider Q = {1, 2}. In this case,

d = (d1, d2) ∈ Z2
󰃍0 = NQ, χd = ⌈d1/2⌉α1 + ⌈d2/2⌉α2.

Then we have
Pt =

󰁐

d1+d2=t

OX(⌈d1/2⌉α1 + ⌈d2/2⌉α2),

where Pt consists of exactly t + 1 direct summands, and each of which has a basis ed = e(d1,d2).
To get the formula of ∂(ed), first compute ε(1, d) = 0 and ε(2, d) = d1; it then follows that

∂(e(d1,d2)) = ϑ1(d1)e(d1−1,d2) + (−1)d1ϑ2(d2)e(d1,d2−1).

In particular, the map ∂ : Pt+1 → Pt can be illustrated by a matrix of size (t + 1) × (t + 2) with all
elements lying in {±vi, ±ui, 0}. This map will be significantly simplified if we work in OX/u with
setting all ui = 0.
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2.3. Proof of Theorem 2.1. We proceed to compute the cohomology

H∗(RHom(OXσ , (OX/u)(µk)))

of each summand of (†) using the resolution in Construction 2.7. In IndCoh(Parunip,∧
Ĝ

), applying the
internal Hom functor to

P• −→ OXσ
−→ 0,

and then taking the T̂ -invariant part, we get a cochain complex

(C•)T̂ := HomOX
(P•, (OX/u)(µk))T̂

=
󰁐

d∈NQ, |d|=t

HomOX
(OX(χd), (OX/u)(µk))T̂

∼=
󰁐

d∈NQ, |d|=t

(OX/u)(µk − χd)T̂ .

Here the second equality uses the formula of P•. Note that the differential map in (C•)T̂ is directly
induced from ∂ in P•.

To further compute (OX/u)(µk − χd)T̂ , we need the following result.

Lemma 2.11. Let ν = r1α1 + · · · + rn−1αn−1 for r1, . . . , rn−1 ∈ Z. Then we have

OX(ν)T̂ =
󰀫

0, if rj > 0 for some j;
v−r1

1 · · · v
−rn−1
n−1 Λ[[un]][[uj ]]rj=0, otherwise.

In particular, (OX/u)(ν)T̂ is either isomorphic to Λ or 0, determined by whether all ri 󰃑 0 or not.

Proof. Since the T̂ -weights of vi and ui are respectively αi and 0, for any monomial of the form
va1

1 · · · v
an−1
n−1 · ub1

1 · · · ubn
n in OX , after twisting by OX(ν), its T̂ -weight equals

󰁓
1󰃑j󰃑n−1(rj + aj)αj . So

the T̂ -invariant condition forces rj + aj = 0, or equivalently aj = −rj 󰃍 0. Also, we have conditions
vjuj = 0 in OX , so we see if rj < 0 (and hence aj > 0), then no uj is allowed, meaning that bj = 0 for
all j; else if rj = 0 (and hence aj = 0), the uj is free. This completes the proof. □

Corollary 2.12. Fix Q ⊂ {1, . . . , n − 1} as before. If (C•)T̂ ∕= 0, then there exists d ∈ NQ such that
for all i ∈ Q, we have ⌈di/2⌉ 󰃍 mi = k1 + · · · + ki.

Proof. This follows immediately from the condition µk − χd 󰃑 0 given by Lemma 2.11. □

For the proof of Theorem 2.1, we point out that the case of GL3 already exhibits all phenomena
present for GLn. Thus, in the following, we only consider n = 3. There are 2n−1 = 4 different choices
of Qσ, and we compute the cohomology or the desired RHom(OXσ , (OX/u)(µk)) case by case.

Case I. Let Qσ = ∅. This uniquely corresponds to σ = id, so Xσ = X. Applying Lemma 2.11
(together with the formula of (C•)T̂ before), we directly get

RHom(OX , (OX/u)(µk)) ∼=

󰀫
0, if m1 > 0 or m2 > 0,

Λ, if m1 󰃑 0 and m2 󰃑 0.

Therefore, for k of degree 0 such that m1, m2 󰃑 0, we have Ik = {1, 2} and Jk = ∅ by definition. It
gives rise to the generic Steinberg representation π{1,2} = St without cohomological degree shift.

Case II. Let Qσ = {1}, corresponding to σ ∈ {(12), (123)} ⊂ S3. In this case, OXσ = OX/v1. The
resolution of OXσ

is essentially the same as Example 2.10(1) for the GL2 case, namely P• → OXσ
→ 0

with Pt = OX(⌈t/2⌉α1). Applying Lemma 2.11, we compute

(Ci)T̂ := HomOX
(Pi, (OX/u)(µk))T̂

= (OX/u)((m1 − ⌈i/2⌉)α1 + m2α2)T̂

∼=

󰀫
0, if m1 − ⌈i/2⌉ > 0 or m2 > 0,

Λ, if m1 − ⌈i/2⌉ 󰃑 0 and m2 󰃑 0.
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In particular, if (Ci)T̂ ∕= 0, then m1 󰃑 ⌈i/2⌉; this condition is equivalent to i 󰃍 2m1 −1 (and we always
have i 󰃍 0). So the whole complex, which is bounded below, is written as

(C•)T̂ =
󰁫
0 → · · · → 0 → Λ u1−−−→ Λ v1−−→

∼
Λ u1−−−→ Λ v1−−→

∼
· · ·

󰁬
.

Here the first term sits in degree 0 and the first nonzero term sits in degree 2m1 − 1. This complex
is bounded below. Each multiplication by v1 is an isomorphism, whereas each multiplication by u1 is
zero as the base ring is OX/u. Therefore, taking cohomology on the complex (C•)T̂ , we see exactly
two possibilities:

(2a) If m1 󰃑 0, then the cohomology of (C•)T̂ vanishes at all degrees.
(2b) If m1 > 0 and m2 󰃑 0, the cohomology is non-vanishing only at the first nonzero term, i.e.,

H∗((C•)T̂ ) = 0 except for degree 2m1 − 1, where

H2m1−1((C•)T̂ ) = Λ.

To conclude, we explain the meaning of this cohomology. For k of degree 0 such that m1 > 0 and
m2 󰃑 0, we have Ik = {2} and Jk = {1} by definition. So this cohomology gives the representation
π{2}[1 − 2m1], as predicted by Conjecture 1.4.

Case III. Let Qσ = {2}, corresponding to σ ∈ {(23), (132)} ⊂ S3. This is the same computation
as in Case II, with only swapping the two indices m1, m2 and v1, v2. Thus, we also get exactly two
possibilities of the cohomology of (C•)T̂ , namely:

(3a) If m2 󰃑 0, then H∗((C•)T̂ ) = 0 at all degrees.
(3b) If m1 󰃑 0 and m2 > 0, then H∗((C•)T̂ ) = 0 except for degree 2m2 − 1, where

H2m2−1((C•)T̂ ) = Λ.

Again, for k of degree 0 such that m1 󰃑 0 and m2 > 0, this corresponds to Ik = {1}, Jk = {2}, and
hence gives the representation π{1}[1 − 2m2] as predicted by Conjecture 1.4.

Case IV (The difficult case). Let Qσ = {1, 2}, corresponding to σ ∈ {(23), (132)} ⊂ S3. Following
Construction 2.7 and Example 2.10(2), we write down the resolution P• of OXσ = OX/(v1, v2), that
is,

Pt =
󰁐

d1+d2=t

OX(⌈d1/2⌉α1 + ⌈d2/2⌉α2).

Using Lemma 2.11, whenever (Ci)T̂ := HomOX
(Pi, (OX/u)(µk))T̂ ∕= 0, we must have ⌈d1/2⌉ 󰃍 m1

and ⌈d2/2⌉ 󰃍 m2. Thus, the minimal possible values of di for i ∈ {1, 2} are given by

di,min =
󰀫

0, mi 󰃑 0,

2mi − 1, mi 󰃍 1.

We then describe the differential map. Since we eventually work over OX/u, to simplify the argu-
ment, we take all ui = 0 in the formula of ∂(ed) in Construction 2.7. Then the map ∂ over OX/u is
read as

e(d1,d2) 󰀁−→

󰀻
󰁁󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰁁󰀽

0, if 2 | d1 and 2 | d2,

v2 · e(d1,d2−1), if 2 | d1 and 2 ∤ d2,

v1 · e(d1−1,d2), if 2 ∤ d1 and 2 | d2,

v1 · e(d1−1,d2) − v2 · e(d1,d2−1), if 2 ∤ d1 and 2 ∤ d2.

The following picture depicts the differential map above. The node at coordinate (d1, d2) represents
the direct summand OX(⌈d1/2⌉α1 + ⌈d2/2⌉α2) in Pd1+d2 . Each arrow is given by a multiplication.
If there are no arrows between two nodes, then the differential map is zero. When m1, m2 󰃍 1, the
gray-shaded part in the picture indicates the part of di 󰃍 di,min for i ∈ {1, 2}; note that in this case
2 ∤ di,min.
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d1

d2 ...

−v2

−v2

−v2

−v2 −v2

−v2

−v2−v2−v2

v1

v1

v1

v1

v1 v1 v1

v1

v1

v1

v1

v1

v1

v1

v1

v1

v1

v1

v2 v2 v2

v2 v2 v2

v2 v2 v2

Therefore, taking cohomology on this bicomplex, we see exactly two possibilities again:
(4a) If m1 󰃑 0 or m2 󰃑 0, we have d1,min = 0 or d2,min = 0, and then H∗((Ci)T̂ ) = 0 at all degrees.
(4b) If m1, m2 > 0, the cohomology is non-vanishing only at the corner (d1,min, d2,min). It follows

that H∗((Ci)T̂ ) = 0 except at the degree d1,min + d2,min = (2m1 − 1) + (2m2 − 1), where

H(2m1−1)+(2m2−1)((Ci)T̂ ) = Λ.

Similar to the explanation given in the three cases before, for k of degree 0 such that m1, m2 > 0,
we have Ik = ∅ and Jk = {1, 2}. As π∅ = 1, the trivial representation of G(Qp), this cohomology
corresponds to the representation 1[(1 − 2m1) + (1 − 2m2)], as desired.

This finishes the computation of cohomology of the derived complex (†) and proves Theorem 2.1
for G = GL3. The argument for G = GLn is essentially the same.
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