
Lect13 Overview and local syntomic computations M//22
Colmez-Niziat Syntomic complexes & p-adic nearby cycles. Invent.

5.1. Introduction

setup a perfect field of charco. F = w(k) [Yp]
↓IF fin tot.ramifext of daye BEOk unit, E(X) aOF(X0] min poly

↑

im ((s+) Let Ct be a proper semistable (p-adic formal) scheme /OK
that isom #ECtic,Op)OopBst =HE(C) OkoBsT

↓ *Hyodo-Kato Hegars [Yp]
Ha(ti. (p) OapBdR = HdR(Ct(c) O1 BOR
comp w/ add structures

Remmany proofs (least A scheme)! Tsuji syutomic

3Faltings almeTale + Poincare duality
Niziot K-theory

Colmez-Niziot syntomic + Banach-Colmez spaces

naive strategy define a Cobon H'syn (r):- Itsu/stors. USC that sits in
Y

... -
#a Oi Batz ~ Hisin(r) s(HErk QB,TlY=pYN

=0

HdmO,Bk +..
Filt Fir

Show:O =

Gr: HnCr) "cHaKti. Pp(r) if OFier

② Y=p5 N=
0, HdQBR ->o0 cHyn(r) ->(HEt @BsE)

Fir

exact if 0<jcr.
#

NT & B2 spaces + Dim theory + Hisyn () f.d.Op-vs
A

today + next week: local computation necessary for O
& O + Scholze's finiteness

final week "globe O+@
& Moon ****



pradic comple poly
32. local syntomic computations

wtoday R:= 0k<X, ...,Xd.X. ... Ad 3 =0k9X1,...,Xd+13/(X..- Xd+ -w)
w ↓h=e

note. Colmez-Niziat R: p-adic completale ext of Ok[X,...,Xd, X....Xd, Y.(...,Ya,z,,..,2s3
Xol+ o

Hef. UE:=0: =OFLXoD <>Ok, Ker= (ECXol)

Roi= (P,X0) - coupe of OF (X0,X,...., Xd.x.xn]
SpfR ->Spf Ro

d ↓ * ↓ Want: "PD-add" (PD-envelope (

SpfOk -> Spf rE
↑SIf OF

r:= p-adic couple of UEL ELNos. jzoyeerEKolExotemideo] was
Ri = rPD gRESP-adic PD-envelope of RR

Def. (additional stay on RPP (
· filtration FURP: RC R(Y)

" CENNER(Y) (Xo-5D
U 8

*Rb-c (x0.8rRCN) (Xo-WD
- Kummer Frobenius Y = 0kum:

=>Cout ring endow Ykum: RPcR* s.n. Y10x = w(Erbp). Y(Xj) = x;"ossed
- loydiff: 2kb =8R** -YoY1'Ri=ORPD din....it

W

F-lu := FRC+ 1
Y = 4km FR Coeffwise!

-> CRR,d) log de Rhan<px
obs.. Fv:= (FURE F*rR "cFF'Rist...) subcpx

· p4km: i > 2 endor fcpxa dY(YsI=dXkEkXPEKet. Syn(R, r):= Kum (R,r) = =Cone (FER pr- p-km-

Sa=trsd =(prm) local syntomic cpx
(wr.t. fixed chart)



Hsj(R, r) = =H* (Syn(R,v)

God of today + next week. Relate Tor Syn(R.r) & TErRPcont (GfR(Y),p(v)
3.s PD-abd d annulus

In today ins &a next week
Switch

&4 Kummer- cyclotomic [I"cyclotomizapy" (4,K)-modules

33. Switch from PD-abd to annulus

Reall NoT =OF KXoD &open unit disc (Xok) <> Up (X) 00.

&ef. For O <u<U

rosus:= nT ['x "Up(x0) = Iu"pausse): j =0]
"(P)

rai=ra[0,
pavieon

·j20]V EveUp(x0) In
X j

r-rs a lime=
obsite,itwococo inUp(X0) =E

#RolpizULY oroRE'ROOT:=rquir rERTOEhas been
f

Ykm: Ro) ~ Ro*P] res, pets
[Y/p,V/] res

U<U/p RCu -> Ro - Roch,Y

Det. Kum (RE, r) :=Cone (FUUEPFPc eRx()[-1]
Kun (Reir) := Cone (FUrsus 1:132R(*s) [-1]R o

Prop.1(1) If F1 =U=1, then 1P2Ro* induces piz(kx) =p(x (ok)=0

TorKun(RP, r) ~ Torkun(Rr) P-gison.
(2) Fnat pEgison TorKun(Ror) & Torknn(RE, r)
CSES of <pxes

sketch ·- 1
0 > LPD -> Kun (PD, r) >F-2p -> 0

f f f

0 -> lij -> Kum((n), r) -> Filius to



writing ppix = p"(p@rY) reduces ( to : Comit

Len, if s20, (n=1, then
ps induces F1.*YFURPP ~ RERPD pSTrison

&Standard: pring (EpStin): By def FURPP=RPPe Arpaus
STP:(=RM)(p - Y)(x) tRPP= p(c c RPD

obs, u
=1-Y=Y-Yp -1 -Y(RMS) c RPD.
sop(x =(p-x)(x) + Y(x) cRPPx

(lnobs

pstr-Surj Comit)
~

RPD RPI

main tool for (2) Fact. -Ep-in bon 4: 4km: RC -> R(In
4: RCMSc RCuPoS

st. 404=id

(- 4 suj
Lookat FUE PF-PY, 2°n> Kum ([n], r

17 R ↓Y I CA)

Frn) pix-p. Ripn] Cone[] kn(Cu), rS
↓
res fres -x fres (B)

Frn.v]
pux - p-
-2pu,r] Kun ([ui], r

I ↑4 F (C)

F-ru,r) pr-pY - r(u.Yp] Kun ([u,v], r

Can show (A), (C) gison by checking acyclicity of of
34=0

Tcr(B) pC-gison s pix-p = - p(1-prx)
m

↑topnilp = invertible if v= 0 20

54. Switch from Kummer to cyclotomic
peed add assump on K Fix (3pm) in T. Fn = F(Spu).e(1Ci:=max2n: 3qn=k3 kn = = k(3pRii H)(p-1p

- 1

dki =eup(8ki)
Say K contains enough roots of unity if Ok<p-fa

Kn/FuscoeTale
true for Km nic 8

We assume this in what follows:
iplace of K

3: = 3pi. 3-1t OF unif



ONEE = OF [XoD "O Chrose & (X0,T) = xo + Af..(T) Xof] ... + A(T)

A Y U in OF[Xo,T]
sit. Aj(T) ET OFCT], Aot OFT+T'O[T]vs=OF &TD

in3- OF: sN = OUsETe OF & (x0.3-1) is min poly of &/Fi
l=0,..,f-1

se+ R=1.0:= OFCTD9X,...., X43 -> R5.09xxn3 = RE
(f(x,T))

Def/Prop. cyclotomic Frob Ycxel & Rs1.0 by Tre (I T)"
- 1

-Fnat extend Yord: RE+RE
S
xj -XjP ljEd

R(0), 1(*.*res, Ro [u,Y/p)

ifpuc<(((y+)+1)
Def. Cd (Ro, r): = Come(FF pr-pYwReCU.NP) ([1)
Prop. 2 (P=3)Fnat gison b/w Kum (Ro**, r) & Cyc)(Rov3, r

(d+1)
L

idea. Set R1 = Rz = Refirs
Rs = p-adic logPD-envelope of RioR Rofirs

=CR, 0R2) [Vo, ...,Vd, (1" k20]
V(

v=
-> FURs, YRs = Yk*Pace: Ry -> Ry(h,Yp]

↑n filtered PD Poicae Lemme: zis = pid,*P*1'Rc

Frlxi -> FFlix: = (FVRs + Fr rs -> Frrx + -)
gison gis FFlRz

- Kun (<uvs, r) Come (FVMPrpfisc whpECyd(<ui), r) /
Rs = 1, (V0-1...., vd-1y

PR


